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Introduction

The fermionic action

n Consider a real even spectral triple (A, #H, D, ], y) of KO-dimension 2.
The fermionic action is defined as [Con06]

5¢:= 5 UZ1 DB),

where & is a Grassmann variable corresponding to & = & € H°.
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The fermionic action

n Consider a real even spectral triple (A, #H, D, ], y) of KO-dimension 2.
The fermionic action is defined as [Con06]

5¢:= 5 UZ1 DB),

where & is a Grassmann variable corresponding to & = & € H°.

= Two discrepancies:

o signature is Riemannian instead of Lorentzian;
o the definition involves the real structure (‘charge conjugation’).
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Introduction

The fermionic action

n Consider a real even spectral triple (A, #H, D, ], y) of KO-dimension 2.
The fermionic action is defined as [Con06]

5¢:= 5 UZ1 DB),

where & is a Grassmann variable corresponding to & = & € H°.

= Two discrepancies:

o signature is Riemannian instead of Lorentzian;
o the definition involves the real structure (‘charge conjugation’).

= Solution [Bar07]: consider an action functional of the form (|Dy),

where (+|-) denotes the indefinite inner product on a Krein space, and
where D is Krein-self-adjoint.
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00000000

Krein spaces

m A Krein space is a vector space H with a non-degenerate inner product
(-|-) which admits a fundamental decomposition H = H™ & H~ (i.e., an
orthogonal direct sum decomposition into a positive-definite subspace
H* and a negative-definite subspace H ™) such that the subspaces H*
and H ™ are intrinsically complete (i.e., complete with respect to the

norms [[pl|az+ == | (w|y)['/2).
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m A Krein space is a vector space H with a non-degenerate inner product
(-|-) which admits a fundamental decomposition H = H™ & H~ (i.e., an
orthogonal direct sum decomposition into a positive-definite subspace
H* and a negative-definite subspace H ™) such that the subspaces H*
and H ™ are intrinsically complete (i.e., complete with respect to the

norms [[pl|az+ == | (w|y)['/2).

» Given a fundamental decomposition H = HtT @ H~, we obtain a
corresponding fundamental symmetry J = Pt — P~ where P* denotes
the projection onto H*.
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Krein spaces

m A Krein space is a vector space H with a non-degenerate inner product
(-|-) which admits a fundamental decomposition H = H™ & H~ (i.e., an
orthogonal direct sum decomposition into a positive-definite subspace
H* and a negative-definite subspace H ™) such that the subspaces H*
and H ™ are intrinsically complete (i.e., complete with respect to the

norms [[pl|az+ == | (w|y)['/2).

» Given a fundamental decomposition H = HtT @ H~, we obtain a
corresponding fundamental symmetry J = Pt — P~ where P* denotes
the projection onto H*.

m Given a fundamental symmetry J, we denote by H 7 the corresponding
Hilbert space for the positive-definite inner product (-|-) 7 := (J - |-).
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Krein spaces

m A Krein space is a vector space H with a non-degenerate inner product
(-|-) which admits a fundamental decomposition H = H™ & H~ (i.e., an
orthogonal direct sum decomposition into a positive-definite subspace
H* and a negative-definite subspace H ™) such that the subspaces H*
and H ™ are intrinsically complete (i.e., complete with respect to the

norms [[§[|3;+ := [(¢ly)['/?).

» Given a fundamental decomposition H = HtT @ H~, we obtain a
corresponding fundamental symmetry J = Pt — P~ where P* denotes
the projection onto H*.

m Given a fundamental symmetry J, we denote by H 7 the corresponding
Hilbert space for the positive-definite inner product (-|-) 7 := (J - |-).

m A Krein space H with fundamental symmetry 7 is called Z,-graded if
‘H 7 is Zy-graded and J is homogeneous. This means:

o we have a decomposition HO @ H!;
o0 this decomposition is respected by the positive-definite inner product (-|-) 7.
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Lorentzian manifolds

s Let (M, g) be an n-dimensional space- and time-oriented Lorentzian spin
manifold with an orthogonal direct sum decomposition of the tangent
bundle TM = E; @ E; with dim E; = 1 (with basis vector ey) and
dim E; = n — 1 (with basis vectors ey, ...,e,_1) such that the metric g
is negative-definite on E; and positive-definite on E;.
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[e] lelelelele]e]

Lorentzian manifolds

s Let (M, g) be an n-dimensional space- and time-oriented Lorentzian spin
manifold with an orthogonal direct sum decomposition of the tangent
bundle TM = E; @ E; with dim E; = 1 (with basis vector ey) and
dim E; = n — 1 (with basis vectors ey, ...,e,_1) such that the metric g
is negative-definite on E; and positive-definite on E;.

m We have a timelike projection T: TM — E; and a spacelike reflection
r=1-2T=(-1)®1on TM = E; @ E.
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[e] lelelelele]e]

Lorentzian manifolds

s Let (M, g) be an n-dimensional space- and time-oriented Lorentzian spin
manifold with an orthogonal direct sum decomposition of the tangent
bundle TM = E; @ E; with dim E; = 1 (with basis vector ey) and
dim E; = n — 1 (with basis vectors ey, ...,e,_1) such that the metric g
is negative-definite on E; and positive-definite on E;.

m We have a timelike projection T: TM — E; and a spacelike reflection
r=1-2T=(-1)®1on TM = E; @ E.

= We can define a ‘Wick rotated’ metric g, on M by setting

gr(v,w) = g(rov,w).
Then (M, g;) is a Riemannian manifold.
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Lorentzian spinors

m Given a decomposition TM = E; @ E there exists a positive-definite
hermitian structure [Baum81]

(1) gy TE(8) X TE(8) = C(M).

which gives rise to the inner product (- : fM jMdvoIg The
completion of T2°(S) with respect to thls inner product is denoted L2(S).
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Lorentzian spinors

m Given a decomposition TM = E; @ E there exists a positive-definite
hermitian structure [Baum81]

(1) gy TE(8) X TE(8) = C(M).

which gives rise to the inner product (- : fM jMdvoIg The
completion of T2°(S) with respect to thls inner product is denoted L2(S).

= The operator Jys := (eg) on L2(S) is self-adjoint and unitary, and is
related to the spacelike reflection r via Jay(v)Ipm = —(rv). Then
L%(S) is a Krein space with the indefinite inner product
(-|) == (Im - |") 7, and with fundamental symmetry 7. This
indefinite inner product {-|-) is independent of the choice of
decomposition TM = E; P Es.
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The Dirac operator

m Define the Lorentzian Dirac operator
n—1 s
D= Y x(j)1(e) Ve,
j=0

where V5 is the lift of the Levi-Civita connection corresponding to g, and
k(0)=—-landk(j)=1forj=1,...,n—1.

Koen van den Dungen: The fermionic action Page 7 of 24



Introduction Krein spectral triples

[e]ele] lelele]e]

The Dirac operator

m Define the Lorentzian Dirac operator

n—1

P =Y x()1e)Vs,
j=0

where V5 is the lift of the Levi-Civita connection corresponding to g, and
k(0)=—-landk(j)=1forj=1,...,n—1.

m Theorem [Baum81]: Suppose there exists a decomposition

TM = E; & E; such that g, is complete. Then iIp is essentially
Krein-self-adjoint.
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[e]ele] lelele]e]

The Dirac operator

m Define the Lorentzian Dirac operator
n—1 s
D= Y x(j)1(e) Ve,

j=0

where V5 is the lift of the Levi-Civita connection corresponding to g, and
k(0)=—-landk(j)=1forj=1,...,n—1.

m Theorem [Baum81]: Suppose there exists a decomposition

TM = E; & E; such that g, is complete. Then iIp is essentially
Krein-self-adjoint.

= We are going to consider the data

(C° (M), LA(8),i10, T = 7v(eo))
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Krein spectral triples
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Spectral triples

Definition: An even spectral triple (A, H, D
m a Zj)-graded Hilbert space H,;

) consists of

= an even x-algebra representation 7r: A — BO(H);

m a closed, odd operator D: Dom D — H such that:
the linear subspace £ := Dom D is dense in H;
the operator D is essentially self-adjoint on &;
the commutator [D, 7t(a)] is bounded on & for each a € A;
B the map 7t(a)oi: &€ — H — H is compact for each a € A.
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Krein spectral triples
[e]e]e]e] Telele]

Spectral triples

Definition: An even spectral triple (A, H, D
m a Zj)-graded Hilbert space H,;

) consists of

= an even x-algebra representation 7r: A — BO(H);

m a closed, odd operator D: Dom D — H such that:
the linear subspace £ := Dom D is dense in H;
the operator D is essentially self-adjoint on &;
the commutator [D, 7t(a)] is bounded on & for each a € A;
B the map 7t(a)oi: &€ — H — H is compact for each a € A.

Remark: condition 4 is equivalent to compactness of 7t(a)(D £i)~!.
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Krein spectral triples

Definition: An even Krein spectral triple (A, H, D, J) consists of
m a Zj)-graded Krein space H,;

= an even x-algebra representation 7r: A — BO(H);

» a fundamental symmetry 7 which commutes with the algebra A and
which is either even or odd;
m a closed, odd operator D: Dom D — H such that:

the linear subspace £ := DomD N J - Dom D is dense in H;
the operator D is essentially Krein-self-adjoint on &;

the commutator [D, 7t(a)] is bounded on & for each a € A;
B the map 7t(a)oi: &€ — H — H is compact for each a € A.
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Krein spectral triples

Definition: An even Krein spectral triple (A, H, D, J) consists of
m a Zj)-graded Krein space H,;

= an even x-algebra representation 7r: A — BO(H);

» a fundamental symmetry 7 which commutes with the algebra A and
which is either even or odd;

m a closed, odd operator D: Dom D — H such that:

the linear subspace £ := DomD N J - Dom D is dense in H;
the operator D is essentially Krein-self-adjoint on &;

the commutator [D, 7t(a)] is bounded on & for each a € A;
B the map 7t(a)oi: &€ — H — H is compact for each a € A.

Note: & is equipped with the norm ||| ¢ := ||| + [T Dy|| + | DT ]|
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Krein spectral triples

Definition: An even Krein spectral triple (A, H, D, J) consists of
m a Zj)-graded Krein space H,;

= an even x-algebra representation 7r: A — BO(H);

» a fundamental symmetry 7 which commutes with the algebra A and
which is either even or odd;

m a closed, odd operator D: Dom D — H such that:

the linear subspace £ := DomD N J - Dom D is dense in H;
the operator D is essentially Krein-self-adjoint on &;

the commutator [D, 7t(a)] is bounded on & for each a € A;
B the map 7t(a)oi: &€ — H — H is compact for each a € A.
Note: & is equipped with the norm ||| ¢ := ||| + [T Dy|| + | DT ]|

We say an even Krein spectral triple (A, H, D, J) is of Lorentz-type when
J is odd.

Koen van den Dungen: The fermionic action Page 9 of 24



Introduction Krein spectral triples

00000080

Almost-commutative manifolds

s Let (M, g) be an even-dimensional time- and space-oriented Lorentzian
spin manifold. Suppose there exists a spacelike reflection r such that g,
is complete. Then

(CZ(M), LA(S), i, T = 7(eo))

is a Lorentz-type spectral triple.
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Almost-commutative manifolds

s Let (M, g) be an even-dimensional time- and space-oriented Lorentzian
spin manifold. Suppose there exists a spacelike reflection r such that g,
is complete. Then

(CE(M), L3(8),ilD, T = 7(e0))
is a Lorentz-type spectral triple.

m A finite space F is an even Krein spectral triple (Ap, Hp, Dr, JF) such
that dim Hr < oo and Jr is even.
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Almost-commutative manifolds

s Let (M, g) be an even-dimensional time- and space-oriented Lorentzian
spin manifold. Suppose there exists a spacelike reflection r such that g,
is complete. Then

(CE(M), L3(8),ilD, T = 7(e0))
is a Lorentz-type spectral triple.

m A finite space F is an even Krein spectral triple (Ap, Hp, Dr, JF) such
that dim Hr < oo and Jr is even.

s Definition: An almost-commutative Lorentzian manifold F X M is the
product of a finite space F with the manifold M, given by

(AH,D,T) = (CZ(M,Ap), Hp & 13(5),1 i +iDp 1,77 & T )
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The Krein action

n Let (A, H,D,J) be a Lorentz-type spectral triple. Then we have:

o (p|D¢) = (¢|Dy) for any i, ¢ € Dom D;
o (¢o|Dy1) = 0 for any 9 € HONDom D and ¢; € H! NDom D.
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The Krein action

n Let (A, H,D,J) be a Lorentz-type spectral triple. Then we have:

o (p|D¢) = (¢|Dy) for any i, ¢ € Dom D;
o (¢o|Dy1) = 0 for any 9 € HONDom D and ¢; € H! NDom D.

s We define the Krein action Sx: HNDom D — C to be the functional

Sk[y):= (¥|Dy).

We note that Si[] is real-valued and (in general) non-zero.
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The Krein action

n Let (A, H,D,J) be a Lorentz-type spectral triple. Then we have:

o (p|D¢) = (¢|Dy) for any i, ¢ € Dom D;
o (¢o|Dy1) = 0 for any 9 € HONDom D and ¢; € H! NDom D.

s We define the Krein action Sx: HNDom D — C to be the functional

Sk[y):= (¥|Dy).

We note that Si[] is real-valued and (in general) non-zero.

= Remark: this action is classical. In particular, there are no Grassmann
variables.
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Introduction e Gauge theory

[ Jele}

The perturbation semi-group

= Let A be a unital *-algebra. Let A=Y 4, ® b]c-’p € AG AP,
Define A := rhi® a;-‘Op.

0 Ais real if A = A.
o A'is normalised if }_a;bj =1 € A.
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[ Jele}

The perturbation semi-group

= Let A be a unital *-algebra. Let A=Y 4, ® b]c-’p € AG AP,
Define A := rhi® a;-‘Op.

0 Ais real if A = A.
o A'is normalised if }_a;bj =1 € A.

» Definition [CCvS13]: The perturbation semi-group Pert(A) consists of
the real normalised elements in A ® A°P.
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Introduction K triples Gauge theory

[ Jele}

The perturbation semi-group

= Let A be a unital *-algebra. Let A=Y 4, ® b]c-’p € AG AP,
Define A := rhi® a;-‘Op.

0 Ais real if A = A.
o A'is normalised if }_a;bj =1 € A.

» Definition [CCvS13]: The perturbation semi-group Pert(A) consists of
the real normalised elements in A ® A°P.

» For a Krein spectral triple (B, H, D, J) we consider the generalised
one-forms given by Ok (B) := {Z]- a;[D, bj] ‘ aj,b; € B}.
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Introduction ples Gauge theory

[ Jele}

The perturbation semi-group

= Let A be a unital *-algebra. Let A=Y 4, ® b]c-’p € AG AP,
Define A := rhi® a;-‘Op.

0 Ais real if A = A.
o A'is normalised if }_a;bj =1 € A.

» Definition [CCvS13]: The perturbation semi-group Pert(A) consists of
the real normalised elements in A ® A°P.

» For a Krein spectral triple (B, H, D, J) we consider the generalised
one-forms given by Ok (B) := {Z]- a;[D, bj] ‘ aj,b; € B}.

» For B=A® AP, define the map 17p: A ® AP — QL (A® A°P) by
1o (Laj @ 05) i= X (aj(a)°P) [, b (b)),
j ik

Fact: if A € Pert(.A) is real, then np(A) is Krein-self-adjoint.
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[e] e}

Fluctuations

w If (A® A°P,H,D,J) satisfies the order-one condition
[a,[D,b°P]] =0 Va,b € A,

then
D ( ]Zu]- X b?p> = ;aj D, b]-] + ;a;‘op[D, b;ﬂop].
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Introduction ples Gauge theory

[e] e}

Fluctuations

w If (A® A°P,H,D,J) satisfies the order-one condition
[a,[D,b°P]] =0  Vabe A,
then
1o (Lo @bP) = Y a[D,bj) + ¥ a;°P[D, 5.
] ] ]
» By the fluctuation of D by A € Pert(.A) we mean the map
D Dy :=D+1p(A),

and we refer to D4 as the fluctuated Dirac operator.
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Introduction ples Gauge theory

[e] e}

Fluctuations

w If (A® A°P,H,D,J) satisfies the order-one condition
[a,[D,b°P]] =0  Vabe A,
then
1o (Lo @bP) = Y a[D,bj) + ¥ a;°P[D, 5.
] ] ]
» By the fluctuation of D by A € Pert(.A) we mean the map
D Dy :=D+1p(A),

and we refer to D4 as the fluctuated Dirac operator.

= Proposition [CCvS13]: A fluctuation of a fluctuated Dirac operator is
again a fluctuated Dirac operator. To be precise: (D) = Dy for all
perturbations A, A’ € Pert(A).
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[ele] }

The gauge group

» The unitary group U(.A) acts on Pert(.A) via
Au)A = (u® (")) (Y a;®@b®) = ) jua;® (bju*)°

We can compose A with the x-algebra representation
m: A® A% — B(H) to obtain a group representation

p:=moA:U(A) = B(H).
We define the gauge group as

A) = {p(u) |ucU(A)} ~U(A)/Kerp.
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Introduction ples Gauge theory

[ele] }

The gauge group

» The unitary group U(.A) acts on Pert(.A) via
Au)A = (u® (")) (Y a;®@b®) = ) jua;® (bju*)°

We can compose A with the x-algebra representation
m: A® A% — B(H) to obtain a group representation

p:=moA:U(A) = B(H).
We define the gauge group as

A) = {p(u) |ucU(A)} ~U(A)/Kerp.
s Proposition: The Krein action S[p, A] := (p|Day) of the fluctuated

Dirac operator D, is invariant under the action of the gauge group given
by ¢ — p(u) and A — A(u)A.
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Introduction e al triples The electroweak theory

[ Jelelelele]

The finite space (1)

u Define Hp := C* with the basis {vg,er, vy, er} and the Z,-grading

H) =M, =spanfver}, M} =Hg = span{vg, er)

Koen van den Dungen: The fermionic action Page 17 of 24



Introduction K triples G e theor The electroweak theory

[ Jelelelele]

The finite space (1)

u Define Hp := C* with the basis {vg,er, vy, er} and the Z,-grading
HY = H; = span{vy,er}, HL = Hy = span{vg, er}

» Define Ar := C @& H, with the representations
n: Ap — B(Hg) ® B(Hr) and 7°P: AP — B(Hg) ® B(HL) given
forAcCandg=a+BjcH by

o

(A, q) =g B g = (3 g) ® (—ﬁ 'i) , P((A,q)P) =A@ A
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Introduction

The finite space (1)

u Define Hp := C* with the basis {vg,er, vy, er} and the Z,-grading
HY = H; = span{vy,er}, HL = Hy = span{vg, er}
» Define Ar := C @& H, with the representations

n: Ap — B(Hg) ® B(Hr) and 7°P: AP — B(Hg) ® B(HL) given
forAeCandg=a+Bj€H by

(A q) =qa ®q:= (3 2) S (_aﬁ fj) , TP((A9)P) =A@ A

m The representation 77 := 71 ® 71°P of AF © A;p on Hg @ Hp is then
given by
(A, q) @ (A, q)P) = Agr & Mg
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[e] lelelele]

The finite space (2)

» We define the mass matrix on the basis {vg,eg, vy, e.} as

0 0 —imy O

0 0 0 —ime
im, 0 0 0

0 ime O 0

DI: =
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Introduction ples or The electroweak theory

[e] lelelele]

The finite space (2)

» We define the mass matrix on the basis {vg,eg, vy, e.} as

0 0 —im, O
0 0 0 —ime
im, 0 O 0

= We then consider the even finite space Fpy := (Ap, Hg, Dp, Jr = 1).
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[e] lelelele]

The finite space (2)

» We define the mass matrix on the basis {vg,eg, vy, e.} as

= We then consider the even finite space Fpy := (Ap, Hg, Dp, Jr = 1).

m The gauge group of Fryy equals

G(Few) = (U(l) X SU(Z))/Z2,
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[e]e] lelele]

Fluctuations

s We consider the almost-commutative manifold

Few X M := (C;”(M,Ap © AP), Hp & L2(S),1%iD +iDp & 1,18 jM) .
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Introduction K triples G e theor The electroweak theory

[e]e] lelele]

Fluctuations

s We consider the almost-commutative manifold
Few X M := (C§°(M,AF © AP), Hp & L2(S),1%iD +iDp & 1,18 jM) .

= Proposition: The fluctuation of D :=1&ilp +iDr &1 by
A € Pert(C®(M, Af)) is

Dy=D+yp(A)=1&iD+ A, Qiv' + (iDp+¢) &1,
where the gauge field A, and the Higgs field ¢ are given by

0 0 0 0 mypr My
0 0 —Mepy Moy
y ]4 7 _ 7
Qy ~ Ay myPr Med, 0 0

—mypp —mep; 0 0

for the gauge fields (A, Qu) € C&®° (M, iR @ su(2)) and the Higgs field
(¢1,¢2) € CZ(M,C?).
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[e]ele] lele]

The Krein action

n Consider { = Vg @ % +er @ Y% + v O ¢ +ep & ¢¢ € HO, and define
_ (V5 2(a)\0 o 2 — (¥R 2(a] o (2
Y = z EL(S) ®C-, Yr = 2 EL(S) ®C*,
143 ¥R
Y=Y, +¥r € L2(S) ®C2
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[e]ele] lele]

The Krein action

n Consider { = Vg @ % +er @ Y% + v O ¢ +ep & ¢¢ € HO, and define
vL 2(a\0 o 2 PR 201 o (2
Y = g‘ EL(S) ®C-, Yr = 5 EL(S) ®C*,
¥r ¥R
Y=Y+ ¥r € L2(s) @ C2
» Proposition: The Krein action for Fryy X M is given by
Sew(¥, A] = (Y [iDY) + (PR | 27" M) + (YL i7" (Qp — Ap)¥1)
+ <1YR | (D‘YL> + <1IIL | (I)*‘IIR>,

where the Higgs field (¢1,¢2) acts via

& - <—mv(¢1—|—1) —1my )
Mep2 —me(¢1 + 1)
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[e]ele]e] Je}

Majorana masses

s OnHr:=Hr @ Hz, we consider the operators
~ . (Dr =Dy ~ (10

& _ (Ir O s (0 cc
Tr= <o —Fp)’ Jr= <c.c. 0 >

where Dy vg := imgVg and Dper = Dyvr = Dper, = 0.
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~ . (Dr =Dy ~ (10

& _ (Ir O s (0 cc
Tr= <o —Fp)’ Jr= <c.c. 0 >

where Dy vg := imgVg and Dper = Dyvr = Dper, = 0.
» Define 7: Ap — B(Hr @ Hy) and A°%P: AP — B(Hp ® Hf) by

a

#t(a) := m(a) @ P (a'), 7% (a) := fpA(a*)]r.
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[e]ele]e] Je}

Majorana masses

s OnHr:=Hr @ Hz, we consider the operators
~ . (Dr =Dy ~ (10

_(I'r O i 0 cc
F==\0 -r¢)’ F-=\ce 0 )’

where Dy vg := imgVg and Dper = Dyvr = Dper, = 0.
» Define 7: Ap — B(Hr @ Hy) and A°%P: AP — B(Hp ® Hf) by

—

a

#t(a) := m(a) @ P (a'), 7% (a) := fpA(a*)]r.

= We obtain a new finite space Fry := (AF ® A(F’p, Hr, Dr, jp) with
grading operator I'r and additionally with a real structure Jr.
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The Krein action + Majorana masses

s Consider Fryy x M with the real structure | := Jr & Jus.
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[e]elelele] ]

The Krein action + Majorana masses

s Consider Fryy x M with the real structure | := Jr & Jus.

n Following [Bar07], consider 7 € H" such that [y = 7. Then 1 = & + J¢,
with & € (Hr & L?(3))° as before. We have

(11 Dan) = (C1DaG) + JSIDaG) + (ZDaJG) + (JE | DaJE).
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s Consider Fryy x M with the real structure | := Jr & Jus.

n Following [Bar07], consider 7 € H" such that [y = 7. Then 1 = & + J¢,
with & € (Hr & L?(3))° as before. We have

(11 Dan) = (C1DaG) + JSIDaG) + (ZDaJG) + (JE | DaJE).

» One finds that (JZ | DAJE) = (| Dal) = Sew[¥, A).
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The Krein action + Majorana masses

s Consider Fryy x M with the real structure | := Jr & Jus.

Following [Bar07], consider 7 € H° such that Jy = 5. Then = ¢ + J¢,
with & € (Hr & L?(3))° as before. We have

(11 Dan) = (C1DaG) + JSIDaG) + (ZDaJG) + (JE | DaJE).

» One finds that (JZ | DAJE) = (| Dal) = Sew[¥, A).
m The new contributions are
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[e]elelele] ]

The Krein action + Majorana masses

s Consider Fryy x M with the real structure | := Jr & Jus.

Following [Bar07], consider 7 € H° such that Jy = 5. Then = ¢ + J¢,
with & € (Hr & L?(3))° as before. We have

(11 Dan) = (C1DaG) + JSIDaG) + (ZDaJG) + (JE | DaJE).

» One finds that (JZ | DAJE) = (| Dal) = Sew[¥, A).

= The new contributions are
(JSIDag) = —mr(Jmklgk),  (EIDaJC) = —mr(PrlImk)-
» Summarising, we obtain the new action Sgy, given by

Sewim[¥, A] = 2Sew[¥, A] — mr(PrlImy¢Pr) — mr JmPRI¥R),
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Conclusion

m The fermionic action in Lorentzian signature (the Krein action) matches
exactly with the physical Lagrangian.
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Conclusion

m The fermionic action in Lorentzian signature (the Krein action) matches
exactly with the physical Lagrangian.

m The action is purely classical; there are no anti-commuting variables.

» Majorana masses can be described by giving the finite space a Krein
structure as well.
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