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The spectral action: Tr(f(D))

@ Expand Tr(f(2)) in A
Tr(F(R)) ~ Len+ N FIDI7% + £(0)¢p(0) + o(1)

Connes—Chamseddine 2006:
(p+A(0) = (p(0) = 7 [, (dA + A%)? — 3 [ (AdA + 3A%)

@® Expand Tr(f(D + A)) in A
E.g. Taylor: Tr(f(D + A)) ~ Y020 & Tr(Gmf (D + tA)|,_,)
Questions arise:
® For which functions f is <. f(D + tA)|t:0 trace-class?

dtn
® Can we obtain a formula like Connes—Chamseddine?
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Let H be a self-adjoint operator in the Hilbert space H.
Examples:

® H = A, the Laplacian
® H = D, the generalized Dirac operator

Teun van Nuland December 15, 2020 The spectral action expanded 5/19



Multiple Operator Integrals

Radboud University Nijmegen

Let H be a self-adjoint operator in the Hilbert space H.

Teun van Nuland December 15, 2020 The spectral action expanded 6 /19



Multiple Operator Integrals

Radboud University Nijmegen %

Let H be a self-adjoint operator in the Hilbert space H. Let
V € B(H)s.a., n € N and let f be a Schwartz function.

Teun van Nuland December 15, 2020 The spectral action expanded 6 /19



Multiple Operator Integrals

Radboud University Nijmegen %

Let H be a self-adjoint operator in the Hilbert space H. Let
V € B(H)sa., n € N and let f be a Schwartz function. The
Multiple Operator Integral is a multilinear operator

TH  B(H) x -+ x B(H) = B(H),

depending on f and H, such that in particular

1 n
H(V,...7V):—d—f(H—|—tV)

T .
n! dt" t=0

flnl
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Let H be a self-adjoint operator in the Hilbert space H. Let
V € B(H)sa., n € N and let f be a Schwartz function. The
Multiple Operator Integral is a multilinear operator

TH  B(H) x -+ x B(H) = B(H),

depending on f and H, such that in particular

1 d"
H e
Tf[n](v,...7V) = dtnf(H+tV) o

One definition is

—

Tia(Vi,.., Vi) 12/ /eitSOHVleitslH-~~Vne"fs"Hf(")(t) dt do(s)
nJR

for Vi,...,V, € B(H), and A, the n-simplex.
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Examples: If n = 0:

TH (Vi Vo) = THO) :/Re"fo(t) dt = f(H)
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Examples: If n = 0:

TH (V... Va) = T;—I():/ReitHi—‘(t)dt:f(H)

Y O VI (01
Ifn_l,H_(O A2),\/_<1 0>,

its AL 0 its At 0
T,f’m(V)Z/ dsodsl/dtet0<0 A2) <(1) é)etl(o A2> "(t)
so+s1=1 R
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(M 0) (01
Ifn_l,H_(O A2),\/_<1 0>,
(A1 O e (A1 0) <
Th(V) = / L s /]R g (5 ) <(1) (1)) &= (0 %) fy
soFs1=

g g O eftSo)\l-i-itSl)\z b
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Examples: If n = 0:

TH(V,.., V) = Tﬁ():/Reitch(t)dt: F(H)
_ _ (M 0 (01
its )\1 0 its A 0 Y
Tf[ll(v):/ d50d51/dtet0<0 /\2) <(1) é)etl( 0 >f( t)
so+s1=1 R

g O eftSo)\l-i-itSl)\z b
/ dSO dS]_ / dt ( itsgAo+itsy A1 0 > f,( t)
so+s1=1

P 00 Ay
f(AQ f()\l 0 (A, ) 0
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By using the various defining expressions, Multiple Operator
Integration can solve a lot of analytical issues arising from
geometrical problems.

Recently, Anna Skripka and | sharpened a few facts surrounding:

® When the MOI is trace-class, so
Tr(| T Vi, .., Vo)) < 0.

® Existence of a spectral shift function 7 such that

Tr( (H+ V) - fo (H+V)) !t:o) /n(t)f(”)(t)dt.
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—

T;_[In](\/h cey Vn) = / / eitsoHvleitslH . Vneits,,Hf(n)(t) dt dO’(S)
nJR

When Vi,...,V, € 8", then TH (V,..., V) € S*. Often, Vis
noncompact, but we only have

V.=V(H-i)tes"
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H(\i,..., / / eltsoH \/y eitstH .y itsH £(0) (1) dit dor(s)

When Vi,...,V, € 8", then TH (V,..., V) € S*. Often, Vis
noncompact, but we only have

Vi=VH-i)tes"

Lemma
For Vi,...,V, € B(H), we have

Tﬁ’,,](vl,...,v,,):T&’u)[n](vl,.. Vi Vit oo, Vi)
TH -y, ViV, .., Va),

where u(t) ==t —i.
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TV, V) = quw“q%wﬂwww)

—Th (Vo ViV, ., Vi)

Teun van Nuland December 15, 2020 The spectral action expanded 10 / 19



Teun van Nuland

TV, V) =T/

Multiple Operator Integrals

Radboud University Nijmegen %

Proposition

ForneN, f € S(R), V € B(H), we have
Tf[,,](V ., V)

n
=> > -y pT("f’up)[p](VJl,...,VJP)VJP“.
p=0 " j1,.-.p=1,

~ Jp+120,
At Ajpr1=n

December 15, 2020
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H ~
Tf[n](vla-..7Vn) T(fu)["(vl""’\/l

- Tf[n—l](\/].) PR

Proposition

ForneN, f € S(R), V € B(H), we have

T [,,](V ) V)
n . - .
=> > -y pT("f’up)[p](VJl,...,VJP)VJP“.
p=0  j1,...,jp=1,
Jp+1>0

Jit+Fjpr1=n

December 15, 2020
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TV, V) = T(fu)[n(vl,...,\71,\/j+1,...,vn)

—Th (Vo ViV,

Proposition

ForneN, f € S(R), V € B(H), we have

T [,,](V ) V)
n . - .
=> > -y pT("f’up)[p](VJl,...,VJP)VJP“.
p=0  j1,...,jp=1,
Jp+1>0

At Ajpr1=n

In particular, if V = V(H
et (H+ V)] o=

— i)*1 € 8", then
v, v)est
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Perturbations of the Spectral Action

Let (A, H, D) be a unital spectral triple with (D — i)~! € S" (i.e.
finitely summable/finite dimensional). Our goal is to Taylor-expand

Tr(f(D + V)),

for V =3 aj[D, b;] € Q% (A)s.a. and obtain forms that depend on
1-form A=) ajdb; € QI(A).
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Perturbations of the Spectral Action

Let Q° C T 4Q be the algebra of universal differential forms.
where d : Q°® — Q°*t1 is the univeral differential, defined by

da) =1®a—a®l (ac A=Q%),

and the Leibniz rule. With d, Q°® becomes a cohomologically
graded differential algebra.
A representation of Q' = Q(A) is given by

b(A) = {40, b1+ a,b; € A} C BH)

Teun van Nuland December 15, 2020 The spectral action expanded 13 /19



Perturbations of the Spectral Action Radboud University Nijmegen %

Tre(F(D+ V) —F(D) => %% Tr(f(D + tV))]
n=1 "

—ZTr AT V).
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For f € S of exponential decrease,

Tre(F(D+ V) —F(D) => %% Tr(F(D + tV))|,_,
n=1 "
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For f € S of exponential decrease,

o0

Te(f(D+ V) — f(D)) =

n=1

—ZTr AT V).

1d"

Defining

(Vi,..., ,,,,:—ZTr Vi Vi, Vi),

Teun van Nuland December 15, 2020 The spectral action expanded 14 /19



Perturbations of the Spectral Action Radboud University Nijmegen %

For f € S of exponential decrease,

Te(f(D+ V) — f(D)) = %i Tr(F(D + tV))],_,

=) TH(TR(V,...,V)).
n=1

Defining
(i, Vip)n = ZTr(Tfﬁ’n](\/j, vy Vi, Vi, Vi),
j=1

we get Tr(f(D+ V) — f(D)) =02, X(v,..., V),.

n=1n
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Can we identify universal forms in
Tr(f(D+ V) — f(D)) =32, X(V, ..., V),? We define

n=1n

/ apday - - - da, = gbn(ao, oo, ah)

n

= (a[D, a%,[D, a%],...,[D,a"])n.

¢n is a Hochschild cochain, and
b¢, = 0 for even n: cocycles!

For odd n, we get bo, = dpi1-
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Can we identify universal forms in
Tr(F(D + V) — (D)) =300, 2V, ..., V),? We define

n=1n )

/ apday - - - da, = gbn(ao, oo, ah)

n

= (a[D, a%,[D, a%],...,[D,a"])n.

¢n is a Hochschild cochain, and
b¢, = 0 for even n: cocycles!

For odd n, we get bo, = dpi1-

Vn = cn(Pn — %Bo¢n+1)
For the right ¢,, (1,3, s, ...) forms a (b, B)-cocycle.
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The only properties of (-,...,-), that we need are
0 <V1a"'7vj>avj+l>"'7 Vn>n_ <V1>"'a \/ja> \/j+1a-">vn>n
- <V17-~-7‘/j7[Daa]7 Vj+17~~-7vn>n+1a
@ <V17"' 9 Vn>n - <Vn7 V].a" ) Vn71>n'

From this, one obtains bgox = 0 and bibox_1 + Bibokyr1 = 0, when
choosing the right normalization.
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Using just the rule

<V17--'7\/j7a\/j+17"-avn>n_<V17---7\/ja7\/j+1>"'7vn>n
:<V17"'7\/jv[D7a]7\/j+17"'7vn>n+17

we obtain, when V = a[D, b],

A

1

(alD, b])1

(a[D, b], a[D, b])2 A2+ [ AdA

3
A3 4

3

(a[D, b], a[D, b], a[D, b])3

Il
ST
S~

AdAA+/ AdAdA
o

4

etcetera.
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For V € Q}, written as V = >_; 3j[D, bj] introduce
A= 3" ajdb; € Q" and its curvature

F:=A>+dAecQ?.

Using F; := t>A? + tdA, we have the Chern—-Simons forms

1
csok—1(A) ;:/ A(Fp)" tdt.
0
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The terms in the Taylor expansion can be reordered using
MOI-techniques and form something quite simple.
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The terms in the Taylor expansion can be reordered using
MOI-techniques and form something quite simple. Recently,
Walter van Suijlekom and | proved the following.

Theorem

Let (A, H, D) be a finitely summable spectral triple, and
Ve QE(A)S_Q_ the gauge field corresponding to A € QY(A). Then,

[e.9]

Tr(F(D+ V) - £(D)) ~ > </¢ csok_1(A) + 21k/¢ Fk) :
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The terms in the Taylor expansion can be reordered using
MOI-techniques and form something quite simple. Recently,
Walter van Suijlekom and | proved the following.

Theorem

Let (A, H, D) be a finitely summable spectral triple, and
V ¢ QlD(.A)s_a_ the gauge field corresponding to A € Q*(A). Then,
there exists 0 such that for all |t| < §:

o0

Tr(f(D+tV)—f(D)) =D </¢ csak—1(tA) + 21k/¢ Fk>

k=1

and the series converges absolutely.
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The terms in the Taylor expansion can be reordered using
MOI-techniques and form something quite simple. Recently,
Walter van Suijlekom and | proved the following.

Theorem

Let (A, H, D) be a finitely summable spectral triple, and
V ¢ QlD(.A)s_a_ the gauge field corresponding to A € Q*(A). Then,
there exists 0 such that for all |t| < §:

o0

Tr(F(D +tV) — £(D)) = > </¢ cson_1(tA) + 21k/¢ Fk)

k=1

and the series converges absolutely.

v

This extends [Connes—Chamseddine 2006], applications in physics?
Maybe in 2021 :)
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