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Quantized Calculus

if :=|[F,f], F=F* F*=1

0" :={w=Y fodfr...qf}
Tr(u™ du), Tr(yw)






F = Hilbert transform

Tt s — t

o) = (1) £ S0

feS(R)= df = oo order
and conformal invariance
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Triangular unitary

_ [ U171 U1.2 -
U—( 0 uz,z) unitary

0

1. uq71 1S an isometry.
2.Upo IS @ Ccolsometry.



3. uq 1S a partial isometry
from the kernel of uj,
to the cokernel of uq ;.



Positivity

U triangular in (P,P), F =
2P —1, f > 0 then

Tr(FU*[F, U]) <0
(since UPU* < P)



Well positivity

RH < Y Wo(f=f*) <0,



Explicit Formulas

B / ‘w‘l/z
Wolh) = /@;;\1—w|

f0) = ). flp)+f(1) =) Wu(f)

peEZ/ 0

h(w)d w




Semi-local adele class space

Xg := (H @v) [ Zg,

vES

Zs =19 €Ql|glo <1, Vo & S}
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1. The Hilbert space L?(Xg) of func-
tions on the quotient Xg:= Ag/Z¢
of the semi-local adeles Ag by the
group of units of the ring Zg.

2. The Hilbert space L%(Cg) of func-
tions on the semi-local idele class
group Cg:= A%/Zs.

3. The Hilbert space L2(Cs) of func-
tions on the Pontrjagin dual (/jg of
the locally compact group Cg.
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Fourier — unitary in L%(Xg)

In L2(Cs) Fourier is inver-
sion composed with multi-
plication by

u=[]uo

u, = ratio of local factors
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Trace of scaling in L?(Xs)

Tr(h (%u*d“u)) =
\w|1/2 g
L / x |1 —w\ v

vES




Inner function

U € L*®°(SY) is inner

0

LI = triangular unitary in
L*(S') = H*(D) @ (H*(D))*
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Archimedean place

Uso = ratio of archimedean local fac-
tors on the critical line : z=1/2+is

n—2/21(z/2)
n~(172)/21((1 - 2) /2)

0(s) = Riemann-Siegel angular func-

u(s) =

tion,

u(s) _ eZie(S).
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Schwartz kernel

For 9m(p~ 1) (3 ul,duce)$ the Schwartz kernel is

fo(v, 1) = 4p2u2v2 [ cos(2mpvy)cos(2muy)(P(1/y) — P(w))dy

Distribution W represented by t(p)

©(p) = Te(@m(p ™) (5 uloditos)$) =

1

4p2 /x>0,y>0 cos(2mpxy)cos(2ntxy)(P(1/y) — P(x))dydx
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Discrepancy &(p)

0> 1= 5(p) = 207 (S‘@““ +p)) , Si(2m(p - 1)))

21t(1+p) 27t(p — 1)
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5(p) and quantum cell

P cutoff projection A =1
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Moving little square A inside %
Cutoff projections, (Selecta 1998)

Representation of dihedral group

S = projection on Sonin’s space
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Sonin space = kernel (Uy)>»

5(1,1) € L?(R)ey be Sonin’s space of even functions,
which, together with their Fourier transform, vanish
identically in the interval [—1,1].

The image (Fyow)(S(1,1)) of Sonin’s space is the
kernel of the operator (1 —P)Ux(l1 —P) = (U )oy-
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Strong form of Weil positivity

Let g € C°(R*) have support in the interval [271/2,21/2]
and Fourier transform vanishing at % and 0. Then, with

Woo(g*g™) > Tr(d(g) SH(g)™).
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. Discretize the group ]R{j by approximating it with

g%, where g — 17.

. Identify the approximating operator Kq used in

1. as a Toeplitz matrix and compute numerically
its eigenvalues.

. Apply the general theory of Toeplitz matrices to
rewrite Kq in canonical form.

. Guess a formula for the operator K indepen-
dently of g, by comparing its approximate be-
havior for different values of g — 1.

. Construct a finite rank operator T that provides
a good approximation of K on Lz(ﬁ,d*p) for
I=42].

. Compute the spectrum of T and identify the

single eigenvector which, after conditioning, makes
the functional E o Q negative.
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Theory of Toeplitz matrices

T self-adjoint with simple largest ei-
genvalue Amax, then all zeros of po-
lynomial with coeffs from eigenvector

are of modulus 1 and

Amax Id — 1T = }\maXZd(j>e(j>
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Quasi-Inner function

U € L*°(S1) is quasi-inner

0

LI = triangular

unitary In

the Calkin algebra for

L%(SYY = H*(D) ¢

> (H(D))+
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T heorem

n2/21(z/2)
Poo(2) = —F 7
a—(1-z)/ r(1—2z)/2)
IS quasi-inner relative to the left half-
plane C_ = {z € C | R(z) < %} with
boundary the critical line R%(z) = 5.



Z=—=-2m+i R

Z=—+I R

Poles at -2n
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The off diagonal part (1 —P)psoP for the function p
is the infinitesimal in L?(S1)

1
27_[21/1_|_§

PP = Z —1)" ! )\an><nn\

Mn+UWn+1w(n+%
using the unit vectors &, := &y, /|l&x, || @and iy :=nx, /[N,

1 _ 4
for x, ;=1 I3
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T heorem

T he function

0mon (32

belongs to C®(S1) + H®(U).
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TTK(1)=
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Semi-local case

Is the angle operator between the pro-

jections P and P compact ?

Is the analogue of Sonin’s space

{f € 12(Xs) | f(x) =0 & Faf(x) =0 Vx,|x| <1}

infinite dimensional 7
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Ratio of local factors at p
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T heorem

The product of ratios of local factors

Ps = pPoo | | Py

IS @ quasi-inner function relative to

C_o={zeC|R(z) <=}

N[ —
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Gauss multiplication

?HJ r(w%) (27)" 7 m2 " (mz).

we use this to factor the archimedean
ratio ps INto a product of m quasi-
inner functions whose product with each

pp retains the property to be quasi-
Inner.
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T heorem

Semi-local Sonin’s space is simply
the kernel of the diagonal part u(S);,
for the quasi-inner function

u(S) = H Po

veS
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Inductive system of
infinite dimensional spaces

The kernels of the u(S)y, form an in-
ductive system of infinite dimensional
Spaces.

Injective linear map S(u(S)) — S(u(S))

D(s,s")= J] 1-p?)
peS/\S
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(i) Let f € S(R,egr) then the class of
op® f in L?(Xg) belongs to S(Xg, «) where

x = (ep, eR).
(i1) One has

1

Fu(w(op @ £))(s) = Fu(w(f))(s) x (1 = p—z—is)



