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Origins and motivation
Spectral triples

A spectral triple is (A, ’H, D) with A represented on 'H as
bounded operators and D an unbounded self-adjoint operator on
‘H with compact resolvent and [D, a] C B(H).

If H admits a Zy-grading, it can be made even by incorporating a
grading operator y with yD = —Dy.

Idea: enrich Gelfand-Naimark duality (A, H) «~ topology to give
(A, 'H, D) «~ geometry.
Canonical spectral triple

Any closed spin® manifold M can be described by the spectral
triple
(C®(M), L3(M, S), iV).
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Origins and motivation
Real spectral triple

A real spectral triple is (A, 'H, D, J, (y)) with (A,’H, D, (y)) a(n
even) spectral triple and

1. J an antilinear isometry of H (the real structure);
2. [a, JbJ_l] =0 for all a, b € A;
3. [[D al, JbJ_l] =0 forall a,b € A[1C];

4,
P =¢€l, ID=¢€DJ Jy=¢€"yJ
where
jlo 1 2 3 4 5 6 7
2lae 4+ = = — — 4
e — b 4 2 o b
e |+ = + —
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Origins and motivation
Examples of spectral triples

Noncommutative (2-)torus

(C(T3), LA(T3) ® C2, D, J, y) with
° C(Tg) the universal C*-algebra generated by the unitaries
U, V with VU = e~2"9yV;
e L?(T3) the norm-completion of C(T3) coming from the trace;
o D= —i(0101 + 0202);
J = ( J(:) _OJ" ) for Jo the Tomita-Takesaki operator;

y the natural Zj-grading.

4/34



There are many more examples of spectral triples, including (but
not limited to)

e Fuzzy spaces

e g-deformations

e Moyal spaces

e Crossed product extensions

e Spaces of leaves of a foliation
e Space of Penrose tilings

e Duals of discrete groups

°o ...

However, often these are not real.
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Origins and motivation
A conformal transformation for spectral triples

Conformal transformation

Consider a spin manifold (M, g). A conformal transformation of
the metric maps g — A°g for A € C®(R). The correslpondtng
transformation of the Dirac operator is d — A~ 2g) 2

In the case of A noncommutative, D — kDk for k € AT does not
give a spectral triple for A, but rather a twisted spectral triple.
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Origins and motivation
A conformal transformation for spectral triples

Conformally transformed real spectral triple

Let (A, ’H, D, J) be a real spectral triple and define the operator
v =k tJkJ7! for k € AT and Dy = JkJ1DJkJ L.
Then (A, 'H, Dy) is a spectral triple, but J satisfies modified
relations

o JbJ YDy, a] = [Dy, a]lJvPbv—2J71;

e vJD, = £DyJv.

Note that this gives the correct transformation when A = C*®(M).
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Origins and motivation
Spectral triple with twisted real structure

Definition (Spectral triple with twisted real structure)

Let (A, ’H, D) with rep sz be a spectral triple.

Let v: 'H — H give an automorphism of A via

V(A) = vr(A)v~t ~ 7(A), and let J: H — H be an antilinear
isometry.

Then (J, v) is a v-twisted real structure for (A, H, D) if

e 2=¢1, vJID=¢€DJv;

o [a,JbJ7 ] =0forall a,be A

o [[D,a], JbJ '], . =0forall a, b€ A
o vJv=J,

fore, & € {+, -}
If (A,’H, D) admits a grading y, we also require yvJ = £"vJy
and yv? = v2y for &” € {+, -}. 834



Section 2

2. Hodge-de Rham spectral triples
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Hodge-de Rham spectral triples
Spin vs. Hodge

For a real spectral triple (A, H, D, J), let C¢p(A) C B(H) be the
C*-subalgebra generated by A and [D, A].

Definition
spin < (¥lp(A)

We call a spectral triple
Hodge < C(¥¢p(A)

0C: JA*J L C A
1C. JOLA)J T CA
2C: JOp(A) I C Qp(AY
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Hodge-de Rham spectral triples
Hodge-de Rham spectral triple

Hodge-de Rham spectral triple

A (compact orientable) Riemannian manifold admits the spectral

triple
(C=(M), LAAET*M), —i(d — d")).

Can equip with a grading: for ax a k-form,

vak = (—1) ax.
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Hodge-de Rham spectral triples

Real structure

Two natural antilinear isometries on L2(/\E: T*M):

C
J

ar
a

a
a *

C is a real structure but does not implement the Hodge condition.
J is not a real structure but does implement the Hodge condition.

J=i(d = d*)J 7t = i(d + d*)y + Fi(d — d*).

However. ..
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Hodge-de Rham spectral triples

Twisted real structure

Proposition (D’Andrea, Dabrowski, M. '21)

J, along with the operator

k(k+1)

vag = i ok,

are together a twisted real structure.

In particular,
vJ(—i(d — d¥)) = —i(d — d*)Jv;

Twisted-1C satisfied because v2fv=2 = f (twist is mild) and J
satisfies 1C;

vJv = J because Ji
v, vy, J all commute.

k(k+1) — j—k(k+1) .

’
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Section 3

3. Gauge transformations
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Gauge transformations
First-order condition

Result (Chamseddine, Connes, van Suijlekom "13)
It is possible to define gauge theory in NCG without 1C. In this
case, fluctuations look like

D D + a[D, b] + a°[D, b°] + aa°[[D, b], b°].

The almost-commutative spectral triple coming from
Ar = He H & M, (C) without 1C gives SU(2) x SU(2) x SU(4)
Pati-Salam-like models.

Question: Is it possible to accomplish something similar with only
a weakened 1C?
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Gauge transformations
Gauge theory in NCG

How to think about gauge theory in NCG: (A, H, D, J) and
Morita (self-)equivalences.

1. Let € be a full fin. gen. proj. (right) Hilbert . A-module. Then
A X End(€).
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Gauge transformations
Gauge theory in NCG

How to think about gauge theory in NCG: (A, H, D, J) and
Morita (self-)equivalences.

1. Let € be a full fin. gen. proj. (right) Hilbert . A-module. Then
A X End(€).
2. Let A be rep'd on H. Then End4(€) acts on € ® 4 H.

3. To extend D from H to £ ® 4 H, one needs to introduce a
connection V s.t. D'(e® ) = e ® Dy + V (e)y

V:E - E®40L(A)

V(ea) = V(e)a+ e® 0(a)
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B B M A so we can also consider a left Hilbert
odul

A~
A-module € s.t. End4(€) acts on H ®4 &
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| M B < B M A so we can also consider a left Hilbert
A-module € s.t. End4(€) acts on H ®4 &
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| M B < B M A so we can also consider a left Hilbert
A-module € s.t. End4(€) acts on H ®4 &

5. Extend D to H®4 E by D" (Y ® ) = DY ® é + YV°(e)
where V°: & —» QL(A°) ®4 &

6. Recognise left- and right-modules are compatible, i.e. we
have E® 4 H ®4 € and
D"e®@¢y@f)=e®@DYQFf+V(e)y ® f+e®yV°(f)
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LA M B < B M A so we can also consider a left Hilbert
A-module € s.t. End4(€) acts on H ®4 &

. Extend D to H®4 E by D" (Y ® &) = DY ® € + YV°(e)
where V°: & —» QL(A°) ®4 &

. Recognise left- and right-modules are compatible, i.e. we
have £ ® 4 H ®4 £ and
D"e®@y®f)=e®@DyYFf+V(e)y®F+e®¢yVe(f)

. Observe that A ~ A. In this case, £ = & = A and
V(a)y =D, aly + aay,
YVO(b) = [D, JbJ ™| £ Jad T IbI 7y,

a € Ob(A), so D” = D+ a + JaJ! := Dy when
Wb = JbJ Y.
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8. Define U(E) = {u € End4(€) : uv* = u*u = 1}. A gauge
transformation is the action of u on & (and on &)
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8. Define U(E) = {u € End4(€) : uv* = u*u = 1}. A gauge
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8. Define U(E) = {u € End4(€) : uv* = u*u = 1}. A gauge
transformation is the action of u on & (and on &)

9. When £ = £ = A, identify the gauge transformations as:

Y- udu*, Y €H;

ar— vau®, a e A;

a > vau* + u[D, u*] = o

DO( = Dau

for u € U(A).

Warning! We would like to have a twisted real structure, but for
DY = D + u[D, u*] + Ju[D, u*]J71,

vJDY # £D"Jv.
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Gauge transformations
Gauge transformations with twisted real structures

What we want is

Dy=D+ a=+ vdadJ ty,

since then vJD, = £D,Jv. But can we get it via Morita
self-equivalences?

First, observe that if @ = ) _a[D, b], then

+vjo)lv=3 Jvlavs Tl [D, Jvbv ]

2

This is a twisted 1-form! So there is no need to change QL (A),
but O} (A°) ~ QK (A°)2 is twisted (and uses a different rep).
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A M B < B M A so we can also consider a left Hilbert
A-module € s.t. End4(€) acts on H ®a &

- Extend D to H ®4 € by D"(y ® €) = DY ®@ é + v*(yV°(e))
where V°: & —» QL(A°)2 ®4 &

. Recognise left- and right-modules are compatible, i.e. we
have E® 4 H ®4 € and i
D"e@y®@f)=e®@DYRF+V(e)y®F +e® v (YV°(f))

. Observe that A ~ A. In this case, £ = & = A and
V(a)y =D, aly + aay,
V(b)) = [D, Jvbv '] L+ vdadTvdvby T Ty,

a € QOL(A), so D” =D+ a + vJaJ~lv = D, when
b = Jvbv 1Ly
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Lemma (Landi, Martinetti '18; M., Dabrowski)

D'=(1® \72) o(Dy + @") is a well defined Dirac operator on
H®4E.

Choose the right A-action (a := Jva*v~1Jy and let

v(aé) = vavle.

Define 6°(a) = DJva*v1J~1 — Jy=la*vJ=1D. Then 6° is a
derivation of A for a- a° - b:= Jv~tb*vJ&°Jva*v 1.

Define a connection V°: & — QL(A°);2 ®4 & such that
Ve(aé) —a- V°(&) = 6°(a) @ é.

Extend V° to H ®c £ using ¢/V°(aé) — haV°(é) = 6°(a)y ® é.

Then D”( ® aé) — D" (Ya® €) = 0. When £ = A, D” on H is
given by D+ & = D + vJaJ tv.
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When € = A, V° = §° + &° with @°(a) = a- & for arbitrary
&° € QL (A°)s2. Then

D"(Y®a)=(1® V%) o(Dy+ V)Y ®a)
= (1® V?)(Dy®a)+ (1® V%)(0° + &°) (¢ ® a)
= (DY)P(a) ® 1 + (1 ® ¥%)(0°(a))¢ ® 1)
+ (1 V)& Jvav iy 1)
=Jvtatv) (DY) ® 1+ (DJva*v U Y ®1
—JvlavT DY @ 1) + &°Jvatv Y e 1
=DJva'v iy @1+advatv iy el
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Gauge transformations
Operator implementation

Note that @° is compatible with the definition of a" since
+vJa'Jlv = (a¥) =u-&° - ut + 6°(u) - ut = (&°)Y

Because of the new right action, we now have
upu* = udvuv 7N = Vi
For convenience, we also define
W = udvtuvst.

These are not unitary for general v!
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Using V = udvuv1J7t, W = udvtuvJ)~! we find

vau® = VavVt = Waw 1
DY = WD, V1

v) = WvJw1
Jv=VJyv

Some observations. ..

e V and W are unitary when v is unitary.

e v=WvV~!and J= VJW™! when v is unitary and
self-adjoint.

e If v is unitary and self-adjoint, then V = W.

D" is not automatically self-adjoint; however, taking v = £v* is
sufficient for DY = (D")*.
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Gauge transformations
Dynamics and the physical action functionals

Assuming v = +v*...

The bilinear form Ap (¢, @) := (Jy, D) is not (anti)symmetric, so
it is necessary to modify it. The correct modification is given by

Ap (Y, ¢) = (Jvy, Dop)
which is not only (anti)symmetric but also gauge-invariant:
Apu(ip”, ¢) = Ap(, ¢).

Thus, it can be used to define the fermionic action functional

SF[Dq, ] = Ap, (¢, ).
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Suppose Dy = AY. Then
DUy = WDV IV = AW # AV .
This is a problem!
The bosonic action is given by
5B[Da] = Tr (f(Da/N)).

If D has a different spectrum than DY, then Sg cannot be
gauge-invariant!

However, this problem disappears when W =V, i.e., when

v=+v*and v = £v 1
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Section 4

4. Multitwists and other work
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Multitwists and other work
Multitwisted real structure

Definition (Spectral triple with multitwisted real structure)

Let (A, 'H, D) be a spectral triple, and D =} ,_, D;.

Let v;: H — H give automorphisms of B(H) via

vi(B(H)) := v;B(H)v; !, and let J: H — H be an antilinear isometry.
Then (J,{v;}), i € I is a multitwisted real structure for (A, H, D) if

o JZ=¢€1, viJD; = €'D;Jv; for each i € I;

e [a, Jvi(b)J'] =0 and [a, Jv; ' (b)J '] =0 forall a, b € A and
for each i € I;

e [[D;, a], J\'/,-(b)J_l]‘,,_,2 =0 for all a, b € A and for each i € [;

e v;Jvi = Jfor each i €I,

for e, € {+,-}.
If (A,H, D) admits a grading y, we also require yv;J = €”v;Jy and
yvZ = vZy for each i € I, for &” € {+,—}. e



Multitwists and other work
Asymmetric noncommutative torus

Take the noncommutative torus and transform the Dirac operator
001 + 0°02 > 00y + JkJ 0P 0p kST

One obtains an asymmetric noncommutative torus from a
symmetric one via (multi)conformal transformation.

Figure: L. Dabrowski & A. Sitarz, Asymmetric noncommutative torus, SIGMA, (2015).
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Multi-twists and other work
Spectral Pati-Salam

Returning to our earlier question...
Is it possible to define Pati-Salam-like models satisfying
twisted-1C?

Issue: When v = v~ !, twisted-1C becomes 1C, so there’s no
weakening and Af breaks to C @ H & M;3(C).

Idea: Use multi-twists — even when v =1, Ju;(A)J~! £ A, so
twisted-1C # 1C.

Result: Af still breaks to C & H & M3(C) — twist isn’t strong
enough!
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Multi-twists and other work
Ongoing and future work

Where to now? A few ideas...

e v=vl=v*inAp(yY, p) resembles a fundamental
symmetry. ldea: use a (multi)twisted real structure to define
Wick rotation from Euclidean to Lorentzian signature for
spectral triples

e Something like a twisted real structure occurs naturally for
modular-type twisted spectral triples; a clue for twisted real
structures for twisted spectral triples? Connection to
Tomita-Takesaki operator?

e Twisted real structures for more classes of spectral triples
(quantum groups, ...)
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5. References
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