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Origins and motivation
Spectral triples

A spectral triple is (A,H,D) with A represented on H asbounded operators and D an unbounded self-adjoint operator on
H with compact resolvent and [D, a] ⊆ B(H).If H admits a Z2-grading, it can be made even by incorporating agrading operator γ with γD = −Dγ.
Idea: enrich Gelfand-Naimark duality (A,H)! topology to give(A,H,D)! geometry.Canonical spectral tripleAny closed spinc manifold M can be described by the spectraltriple (C∞(M), L2(M,S), i /∇).
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Origins and motivation
Real spectral triple

A real spectral triple is (A,H,D, J, (γ)) with (A,H,D, (γ)) a(neven) spectral triple and1. J an antilinear isometry of H (the real structure);2. [a, JbJ−1] = 0 for all a, b ∈ A;3. [[D, a], JbJ−1] = 0 for all a, b ∈ A [1C];4.
J2 = ε1, JD = ε′DJ Jγ = ε′′γJwhere
j 0 1 2 3 4 5 6 7

ε + + − − − − + +
ε′ + − + + + − + +
ε′′ + − + −
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Origins and motivation
Examples of spectral triples

Noncommutative (2-)torus(C (T 2

θ ), L2(T 2

θ )⊗ C2,D, J, γ) with
• C (T 2

θ ) the universal C*-algebra generated by the unitaries
U , V with VU = e−2πiθUV ;
• L2(T 2

θ ) the norm-completion of C (T 2

θ ) coming from the trace;
• D = −i (σ1δ1 + σ2δ2);
• J = ( 0 −J0

J0 0

) for J0 the Tomita-Takesaki operator;
• γ the natural Z2-grading.
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There are many more examples of spectral triples, including (butnot limited to)
• Fuzzy spaces
• q-deformations
• Moyal spaces
• Crossed product extensions
• Spaces of leaves of a foliation
• Space of Penrose tilings
• Duals of discrete groups
• . . .However, often these are not real.
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Origins and motivation
A conformal transformation for spectral triples

Conformal transformationConsider a spin manifold (M, g ). A conformal transformation ofthe metric maps g 7→ λ2g for λ ∈ C∞(R). The correspondingtransformation of the Dirac operator is /∂ 7→ λ− 1

2 /∂λ− 1

2 .
In the case of A noncommutative, D 7→ kDk for k ∈ A+ does notgive a spectral triple for A, but rather a twisted spectral triple.

6/34



Origins and motivation
A conformal transformation for spectral triples

Conformally transformed real spectral tripleLet (A,H,D, J) be a real spectral triple and define the operator
ν := k−1JkJ−1 for k ∈ A+ and Dk := JkJ−1DJkJ−1.Then (A,H,Dk ) is a spectral triple, but J satisfies modifiedrelations
• JbJ−1[Dk , a] = [Dk , a]Jν2bν−2J−1;
• νJDk = ±DkJν.

Note that this gives the correct transformation when A = C∞(M).
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Origins and motivation
Spectral triple with twisted real structure

Definition (Spectral triple with twisted real structure)Let (A,H,D) with rep π be a spectral triple.Let ν : H → H give an automorphism of A via
ν̄(A) := νπ(A)ν−1 ' π(A), and let J : H → H be an antilinearisometry.Then (J, ν) is a ν-twisted real structure for (A,H,D) if
• J2 = ε′1, νJD = ε′DJν;
•
[
a, JbJ−1

] = 0 for all a, b ∈ A;
•
[[D, a], JbJ−1]ν̄−2 = 0 for all a, b ∈ A;
• νJν = J ,for ε, ε′ ∈ {+, −}.If (A,H,D) admits a grading γ, we also require γνJ = ε′′νJγand γν2 = ν2γ for ε′′ ∈ {+, −}. 8/34
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Hodge-de Rham spectral triples
Spin vs. Hodge

For a real spectral triple (A,H,D, J), let C̀ D (A) ⊆ B(H) be theC*-subalgebra generated by A and [D,A].Definition
We call a spectral triple spin ⇐⇒ C̀ D (A) M∼ ĀHodge ⇐⇒ C̀ D (A) M∼ C̀ D (A)
0C:1C:2C:

JA∗J−1 ⊆ A′

JΩ1

D (A)∗J−1 ⊆ A′

JΩ1

D (A)∗J−1 ⊆ Ω1

D (A)′
J C̀ D (A)∗J−1 ⊆ A′

J C̀ D (A)∗J−1 ⊆ C̀ D (A)′
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Hodge-de Rham spectral triples
Hodge-de Rham spectral triple

Hodge-de Rham spectral tripleA (compact orientable) Riemannian manifold admits the spectraltriple (C∞(M), L2(∧•CT ∗M), −i (d − d∗)).
Can equip with a grading: for αk a k-form,

γαk = (−1)kαk .
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Hodge-de Rham spectral triples
Real structure

Two natural antilinear isometries on L2(∧•CT ∗M):
Cα = ᾱ,
Jα = α∗.

C is a real structure but does not implement the Hodge condition.
J is not a real structure but does implement the Hodge condition.

J(−i (d − d∗))J−1 = i (d + d∗)γ 6= ∓i (d − d∗).
However. . .
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Hodge-de Rham spectral triples
Twisted real structureProposition (D’Andrea, Dąbrowski, M. ’21)
J , along with the operator

ναk = ik(k+1)αk ,
are together a twisted real structure.
In particular,

νJ(−i (d − d∗)) = −i (d − d∗)Jν;
Twisted-1C satisfied because ν2f ν−2 = f (twist is mild) and Jsatisfies 1C;
νJν = J because Jik(k+1) = i−k(k+1)J ;
ν, γ, J all commute. 13/34
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Gauge transformations
First-order condition

Result (Chamseddine, Connes, van Suijlekom ’13)It is possible to define gauge theory in NCG without 1C. In thiscase, fluctuations look like
D 7→ D + a[D, b] + a◦[D, b◦] + aa◦[[D, b], b◦].

The almost-commutative spectral triple coming from
AF = H⊕H⊕M4(C) without 1C gives SU(2)× SU(2)× SU(4)Pati-Salam-like models.
Question: Is it possible to accomplish something similar with onlya weakened 1C?
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Gauge transformations
Gauge theory in NCG

How to think about gauge theory in NCG: (A,H,D, J) andMorita (self-)equivalences.
1. Let E be a full fin. gen. proj. (right) Hilbert A-module. Then
A M∼ EndA(E ).2. Let A be rep’d on H. Then EndA(E ) acts on E ⊗A H.3. To extend D from H to E ⊗A H, one needs to introduce aconnection ∇ s.t. D ′(e ⊗ ψ) = e ⊗ Dψ +∇(e)ψ

∇ : E → E ⊗A Ω1

D (A)
∇(ea) =∇(e)a + e ⊗ δ(a)
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4. A M∼ B ⇐⇒ B M∼ A so we can also consider a left Hilbert
A-module Ē s.t. EndA(Ē ) acts on H⊗A Ē5. Extend D to H⊗A Ē by D ′′(ψ ⊗ ē) = Dψ ⊗ ē + ψ∇◦(ē)where ∇◦ : Ē → Ω1

D (A◦)⊗A Ē6. Recognise left- and right-modules are compatible, i.e. wehave E ⊗A H⊗A Ē and
D ′′′(e ⊗ ψ ⊗ f̄ ) = e ⊗ Dψ ⊗ f̄ +∇(e)ψ ⊗ f̄ + e ⊗ ψ∇◦(f̄ )7. Observe that A M∼ A. In this case, E = Ē = A and

∇(a)ψ = [D, a]ψ + αaψ,
ψ∇◦(b) = [D, JbJ−1]ψ ± JαJ−1JbJ−1ψ,

α ∈ Ω1

D (A), so D ′′′ = D + α ± JαJ−1 := Dα when
ψb = JbJ−1ψ.
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8. Define U(E ) := {u ∈ EndA(E ) : uu∗ = u∗u = 1}. A gaugetransformation is the action of u on E (and on Ē )9. When E = Ē = A, identify the gauge transformations as:
ψ 7→ uψu∗, ψ ∈ H;
a 7→ uau∗, a ∈ A;
α 7→ uαu∗ + u[D, u∗] =: αu;

Dα 7→ Dαu

for u ∈ U(A).
Warning! We would like to have a twisted real structure, but for
Du = D + u[D, u∗]± Ju[D, u∗]J−1,

νJDu 6= ±DuJν.
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Gauge transformations
Gauge transformations with twisted real structures

What we want is
Dα = D + α ± νJαJ−1ν,

since then νJDα = ±DαJν. But can we get it via Moritaself-equivalences?
First, observe that if α = ∑ a[D, b], then

±νJαJ−1ν =∑ Jν−1aνJ−1
[
D, Jνbν−1J−1

]
ν̄2

This is a twisted 1-form! So there is no need to change Ω1

D (A),but Ω1

D (A◦) Ω1

D (A◦)ν̄2 is twisted (and uses a different rep).
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4. A M∼ B ⇐⇒ B M∼ A so we can also consider a left Hilbert
A-module Ē s.t. EndA(Ē ) acts on H⊗A Ē5. Extend D to H⊗A E by D ′′(ψ ⊗ ē) = Dψ ⊗ ē + ν̃2(ψ∇̃◦(ē))where ∇̃◦ : Ē → Ω1

D (A◦)ν̄2 ⊗A Ē6. Recognise left- and right-modules are compatible, i.e. wehave E ⊗A H⊗A Ē and
D ′′′(e ⊗ψ ⊗ f̄ ) = e ⊗Dψ ⊗ f̄ +∇(e)ψ ⊗ f̄ + e ⊗ ν̃2(ψ∇̃◦(f̄ ))7. Observe that A M∼ A. In this case, E = Ē = A and
∇(a)ψ = [D, a]ψ + αaψ,
ψ∇̃◦(b) = [D, Jνbν−1J−1]ν̄2ψ + νJαJ−1νJνbν−1J−1ψ,

α ∈ Ω1

D (A), so D ′′′ = D + α ± νJαJ−1ν := Dα when
ψb = Jνbν−1J−1ψ.
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Lemma (Landi, Martinetti ’18; M., Dąbrowski)
D ′′ = (1⊗ ν̃2) ◦ (DH + ∇̃◦) is a well defined Dirac operator on
H⊗A Ē .
Choose the right A-action ψa := Jνa∗ν−1Jψ and let
ν̃(aē) = νaν−1ē .
Define δ̃◦(a) = DJνa∗ν−1J−1 − Jν−1a∗νJ−1D . Then δ̃◦ is aderivation of A for a · α̃◦ · b := Jν−1b∗νJα̃◦Jνa∗ν−1J .
Define a connection ∇̃◦ : Ē → Ω1

D (A◦)ν̄2 ⊗A Ē such that
∇̃◦(aē)− a · ∇̃◦(ē) = δ̃◦(a)⊗ ē .
Extend ∇̃◦ to H⊗C Ē using ψ∇̃◦(aē)− ψa∇̃◦(ē) = δ̃◦(a)ψ ⊗ ē .
Then D ′′(ψ ⊗ aē)− D ′′(ψa⊗ ē) = 0. When Ē = A, D ′′ on H isgiven by D + α̃◦ = D ± νJαJ−1ν. 21/34



When Ē = A, ∇̃◦ = δ̃◦ + α̃◦ with α̃◦(a) = a · α̃◦ for arbitrary
α̃◦ ∈ Ω1

D (A◦)ν̄2 . Then
D ′′(ψ ⊗ a) = (1⊗ ν̃2) ◦ (DH + ∇̃◦)(ψ ⊗ a)= (1⊗ ν̃2)(Dψ ⊗ a) + (1⊗ ν̃2)(δ̃◦ + α̃◦)(ψ ⊗ a)= (Dψ)ν̃2(a)⊗ 1 + (1⊗ ν̃2)(δ̃◦(a))ψ ⊗ 1)+ (1⊗ ν̃2)(α̃◦Jνa∗ν−1J−1ψ ⊗ 1)= Jν−1a∗νJ−1(Dψ)⊗ 1 + (DJνa∗ν−1J−1ψ ⊗ 1

−Jν−1a∗νJ−1Dψ ⊗ 1
) + α̃◦Jνa∗ν−1J−1ψ ⊗ 1= DJνa∗ν−1J−1ψ ⊗ 1 + α̃◦Jνa∗ν−1J−1ψ ⊗ 1
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Gauge transformations
Operator implementation

Note that α̃◦ is compatible with the definition of αu since
±νJαuJ−1ν = ˜(αu)◦ = u · α̃◦ · u∗ + δ̃◦(u) · u∗ = (α̃◦)u .
Because of the new right action, we now have

uψu∗ = uJνuν−1J−1ψ =: Vψ.
For convenience, we also define

W := uJν−1uνJ−1.

These are not unitary for general ν!
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Using V = uJνuν−1J−1, W = uJν−1uνJ−1 we find
uau∗ = VaV−1 = WaW−1

Du
α = WDαV

−1{
νJ = W νJW−1

Jν = VJνV−1

Some observations. . .
• V and W are unitary when ν is unitary.
• ν = W νV−1 and J = VJW−1 when ν is unitary andself-adjoint.
• If ν is unitary and self-adjoint, then V = W .

Du is not automatically self-adjoint; however, taking ν = ±ν∗ issufficient for Du = (Du)∗. 24/34



Gauge transformations
Dynamics and the physical action functionals

Assuming ν = ±ν∗. . .
The bilinear form AD (ψ, φ) := 〈Jψ,Dφ〉 is not (anti)symmetric, soit is necessary to modify it. The correct modification is given by

ÃD (ψ, φ) := 〈Jνψ,Dφ〉
which is not only (anti)symmetric but also gauge-invariant:

ÃDu (ψu, φu) = ÃD (ψ, φ).
Thus, it can be used to define the fermionic action functional
SF [Dα , ψ] = ÃDα (ψ̃, ψ̃).
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Suppose Dψ = λψ. Then
Duψu = WDV−1Vψ = λWψ 6= λVψ.

This is a problem!
The bosonic action is given by

SB [Dα ] = Tr (f (Dα /Λ)) .
If D has a different spectrum than Du , then SB cannot begauge-invariant!
However, this problem disappears when W = V , i.e., when
ν = ±ν∗ and ν∗ = ±ν−1.
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Multitwists and other work
Multitwisted real structureDefinition (Spectral triple with multitwisted real structure)Let (A,H,D) be a spectral triple, and D = ∑i∈I Di .Let νi : H → H give automorphisms of B(H) via
ν̄i (B(H)) := νiB(H)ν−1i , and let J : H → H be an antilinear isometry.Then (J, {νi}), i ∈ I is a multitwisted real structure for (A,H,D) if
• J2 = ε′1, νiJDi = ε′DiJνi for each i ∈ I ;
•
[
a, J ν̄i (b)J−1] = 0 and [a, J ν̄−1i (b)J−1] = 0 for all a, b ∈ A andfor each i ∈ I ;

•
[[Di , a], J ν̄i (b)J−1]ν̄−2i

= 0 for all a, b ∈ A and for each i ∈ I ;
• νiJνi = J for each i ∈ I ,for ε, ε′ ∈ {+, −}.If (A,H,D) admits a grading γ, we also require γνiJ = ε′′νiJγ and

γν2i = ν2i γ for each i ∈ I , for ε′′ ∈ {+, −}. 28/34



Multitwists and other workAsymmetric noncommutative torusTake the noncommutative torus and transform the Dirac operator
σ1δ1 + σ2δ2 7→ σ1δ1 + JkJ−1σ2δ2JkJ−1.

One obtains an asymmetric noncommutative torus from asymmetric one via (multi)conformal transformation.

Figure: L. Dąbrowski & A. Sitarz, Asymmetric noncommutative torus, SIGMA, (2015). 29/34



Multi-twists and other work
Spectral Pati-Salam

Returning to our earlier question. . .Is it possible to define Pati-Salam-like models satisfyingtwisted-1C?
Issue: When ν = ±ν−1, twisted-1C becomes 1C, so there’s noweakening and AF breaks to C⊕H⊕M3(C).Idea: Use multi-twists – even when ν2i = 1, J ν̄i (A)J−1 6' A, sotwisted-1C 6= 1C.Result: AF still breaks to C⊕H⊕M3(C) – twist isn’t strongenough!
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Multi-twists and other work
Ongoing and future work

Where to now? A few ideas. . .
• ν = ν−1 = ν∗ in ÃD (ψ, φ) resembles a fundamentalsymmetry. Idea: use a (multi)twisted real structure to defineWick rotation from Euclidean to Lorentzian signature forspectral triples
• Something like a twisted real structure occurs naturally formodular-type twisted spectral triples; a clue for twisted realstructures for twisted spectral triples? Connection toTomita-Takesaki operator?
• Twisted real structures for more classes of spectral triples(quantum groups, . . . )
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