
Higher Kazhdan projections, `2-Betti numbers
& the coarse Baum-Connes conjecture

Sanaz Pooya
Polish Academy of Sciences IMPAN



Kazhdan’s property (T)

Definition
A group G has Kazhdan’s property (T) if every unitary representation of
G with almost invariant vectors, has a non-zero invariant vector.

Theorem (Delorme-Guichardet)
Let G be a discrete group. TFAE.

• G has property (T)

• H1(G ,H) is reduced for every unitary representation (π,H).

• H1(G ,H) = 0 for every unitary representation (π,H).
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Generalisations of property (T)

Definition (Bader-Nowak, 2015)
A group G of type Fn+1 has property (Tn) if Hn+1(G ,H) is reduced for
every unitary representation (π,H),

Definition (De Chiffre, Glebsky, Lubotzky, Thom, 2019)
A group G is called n-Kazhdan if Hn(G ,H) = 0 for every unitary
representation (π,H).

Remark
In higher degrees : vanishing 6⇐⇒ reducedness

For Γ a lattice in PGLn+1(Qp), where n ≥ 2 and p is a sufficiently large
prime, Dymara-Januszkiewicz showed that Hn(Γ,H) is reduced for all
(π,H) but not all of them vanish.
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Operator algebraic generalisation

Besides the aforementioned cohomological characterisations of property
(T), there is a C∗-algebraic characterisation of property (T).
It proved useful in connection with the Baum-Connes conjecture.

Characterisation
A group G has property (T) iff there exists a projection p ∈ C∗maxG
whose image under any unitary representation (π,H) of G is the
orthogonal projection H → Hπ(G) onto the fixed vectors.

• This projection is called Kazhdan projection.

• The Kazhdan projection is unique and non-zero inside C∗maxG .

• For an infinite group G, Kazhdan projection in C∗redG is always zero.

• Existence of this projection violates a certain method of proof for
the Baum-Connes conjecture.

• Aiming to provide new counterexamples, we introduce a higher
degree analogue of this projection.
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Laplace operator

Let G = 〈S〉 be a property (T) group with a finite generating set.
Fix a unitary representation (π,H).

Recall: Kazhdan projection provides p : H → Hπ(G).

Consider the Markov operator M = 1
|S|
∑

s∈G s ∈ CG satisfying

invariants ofπ(G ) = invariants ofπ(M)

Now consider the Laplace operator ∆ = 1−M ∈ CG .

kerπ(∆) = Hπ(G).

Therefore we have

kerπ(∆) = Hπ(G) = H0(G ,H)
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Higher Laplace operator

Fix (π,H) for G . From the previous slide

kerπ(∆0) = Hπ(G) = H0(G ,H)

Let G be group of type F∞.

Take the free resolution associated to a BG for the trivial ZG -module Z

· · · → ZG⊕k2 → ZG⊕k1 → ZG ε−→ Z→ 0

Apply HomZG (·,H)  cochain complex with Hom(BG (n),H) = H⊕kn

H d0

−→ H⊕k1 → · · · → H⊕kn−1 dn−1
−−→ H⊕kn dn

−→ H⊕kn+1 → · · ·

π(∆0) = (d0)∗d0 y H

π(∆n) = (dn)∗dn + dn−1(dn−1)∗ y H⊕kn

Hodge-de Rham isomorphism

H̃n(G ,H) ∼= kerπ(∆n).
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Higher Kazhdan projection

Definition (Li-Nowak-P.)
Let G be a group. Let (π,H) be a unitary representation of G . The
higher Kazhdan projection in degree n associated with π is the
orthogonal projection pn : H⊕kn → kerπ(∆n).

Remark

• This projection always lives in the matrices in the von Neumann
algebra generated by π(G ).

• Assuming spectral gap, the entries lie in the C∗-algebra generated
by π(G ).

• It is the spectral projection pn = limt→∞ e−tπ(∆n).
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`2-Betti numbers

• LG = CGSOT ⊆ B(`2G ) group von Neumann algebra of G

• τ : LG → C canonical trace defined by τ(
∑

finite cgg) = ce

• n-th `2-Betti number βn(2)(G ) = dimLG H̃n(G , `2G ) ∈ [0,∞]

H̃n(G , `2G ) ∼= pn(`2G⊕kn) right LG-module

βn(2)(G ) = dimLG H̃n(G , `2G ) = dimLG pn(`2G⊕kn) = (Tr ⊗ τ)(pn)
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Motivating situation

Proposition
Assume λ(∆n) has spectral gap so that pn belongs to Mkn(C∗redG ).
Then we have that

τ∗([pn]) = βn(2)(G ).

In particular if βn(2)(G ) 6= 0, then [pn] 6= 0 in K0(C∗redG ).

Conjecture (Modified Trace Conjecture, Lück, 2002)
Let G be a discrete group. We have

τ∗(K0(C∗redG )) ⊆ 〈
1
|F | | F ≤

finite G 〉ring ⊆ Q.

If the Baum-Connes assembly map for G is surjective, then the
conjecture is a theorem.

Proposition
Assume λ(∆n) has spectral gap so that pn lives in Mkn(C∗redG ).
Surjectivity of the Baum-Connes assembly map implies that
βn(2)(G ) ∈ Q. In particular if G is torsion-free, it is an integer.
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Atiyah conjecture

Atiyah introduced L2-Betti numbers for compact manifolds where later
generalised to finite CW-complexes.
He asked about the possible values these can obtain.
In particular he asked whether they are always rational numbers, or even
integers if the fundamental group is torsion free.

Conjecture (Bounded, Strong Atiyah conjecture, Lück-Schick)
Let G be a group with a bound on the orders of finite subgroups. For
every n ∈ N and every T ∈ Mn(CG ), we have

dimLG (ker(T )) := Tr⊗ τ(pkerT ) ∈ 〈
1
|F | | F ≤

finite G 〉group ⊆ Q
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Computations

Lemma (Bader-Nowak)
Let (π,H) be unitary representation of G. The operator π(∆n) has
spectral gap iff Hn(G ,H) and Hn+1(G ,H) are reduced.

Examples

• G infinite group. Clearly `2(G )λ = {0}  p0 = 0

• G = Fn. λ(∆1) has spectral gap  [p1] = (n − 1)[1]

• G = SL(2,Z). λ(∆1) has spectral gap  τ∗([p1]) = 1
12

• G ≤ PGL3(Qp), p large prime.  p2 ∈ Mk2(C∗max(G )) is non-zero
(Dymara-Januszkiewicz)
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Coarse Baum-Connes conjecture

X discrete metric space with bounded geometry
H separable, infinite dimensional Hilbert space
CX ⊆ B(`2(X ,H)) : ∗-algebra of finite propagation operators with
compact entries T(x ,y).

Roe algebra ofX : C∗X = CX ⊆ B(`2(X ,H))

Coarse Baum-Connes conjecture, Roe, 1993
For all X with bounded geometry the assembly map is an isomorphism

µ• : KX•(X )→ K•(C∗X ) • = 0, 1.

The coarse Baum-Connes conjecture does have counterexamples, but
also lots of confirmed cases.
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Application to the coarse Baum-Connes conjecture

• βn(G ) = dimC Hn(G ,C) ∈ N.
• βn(2)(G ) = dimLG H̃n(G , `2G ) ∈ [0,∞]

Theorem (Li-Nowak-P.)
Let G be an exact residually finite group of type Fn+1. Let N = {Ni}i
be a filtration of finite index normal subgroups of G . Let π = ⊕iλi .
Assume that π(∆n) has a spectral gap such that pn belongs to
Mkn(C∗NG ). If the coarse Baum-Connes assembly map for the box
space Y =

∐
G/Ni of G is surjective, then

βn(2)(Ni ) = βn(Ni )

for all but finitely many i .

 strategy to find counterexamples to the conjecture
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On the proof

The proof relies on work of Higson and Willett-Yu.
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Lück’s approximation theorem

Theorem (Lück, 1994)
Let G be a residually finite group of finite type, let (Ni )i∈N be a
filtration of G, and let n ∈ N. Then

βn(2)(G ) = lim
i→∞

βn(Ni )

[G : Ni ]

Recall that for N ≤ G , we have βn(2)(N) = [G : N]βn(2)(G ).

When compared, our result has a stronger implication:

βn(2)(G ) =
βn(Ni )

[G : Ni ]

for all but finitely many i .
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High-dimensional expanders

• A sequence (Xi )i>0 of finite, connected, d-regular graphs is a family
of expanders, if limi→∞ |VXi | =∞ and there is uniform spectral gap.

• High-dimensional expanders are simplicial complexes that can be
viewed as higher-dimensional analogs of expander graphs.

• There are several approaches to defining high-dimensional
expansion, and one of them is via uniform spectral gaps for the
Laplacian in simplicial cohomology.

• In that sense, an n-dimensional spectral expander is a sequence of
finite simplicial complexes (Si )i>0 such that a family of operators of
type ∆+

i has uniform spectral gap.

Question
Under which conditions do high-dimensional spectral expanders provide
counterexamples to the coarse Baum-Connes conjecture?
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Thanks for listening!


