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e A “unital operator system” is a self-adjoint subspace of B($)
containing the identity, equipped with the induced matrix cone.

(Choi-Effros) Let E be a finite dimensional unital operator
system. For the dual space E*, when equipped with the dual
matrix cone, one can find an order unit, so that E* be identified
with a unital operator system.

¢ Recent application to graph systems and dual graph systems
in quantum information theory.

e There is some interests in infinite dimensional operator
systems in quantum information theory.

e Aim: To find an infinite dimensional analogue for the result of
Choi-Effros.
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e Some issues:

1. The dual cone of the dual space of a unital operator system
needs not admits an order unit: e.g., the dual space of ¢ (the
C*-algebra of all convergence sequences) is ¢!, and the dual
cone (which is the set of all positive summable sequences)
does not has an order unit.

= Need to consider “general operator systems”; i.e. self-adjoint
subspaces of B($), equipped with the induced matrix cones
and the induced matrix norms.

2. The dual space of a unital operator system needs not be an
operator system under the dual matrix cone and the dual matrix
norm.

= Question 1: Is it possible to find an “equivalent” matrix norm
on the dual space turning it (together with the dual matrix norm)
into an operator system.
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e Operator system tensor products: Kavruk-Paulsen-Todorov-
Tomforde (unital case); Li-Ng (non-unital case).

e If one wants to study duality for operator system tensor
products, then one wants to ask

Question 1 Is there a canonical / universal to find equivalent
matrix norm on the dual space of an operator system T, under
which the dual space becomes an operator system?

¢ If Q1’ has a positive answer, we denoted the “dual operator
system” by T¢. A natural question is

Question 2: If T¢ exists, does (T9)¢ exists?

e If Q2 has a positive answer, there is one more question.

e It is not hard to see that the usual bidual 7** of T is also an
operator system in the canonical way. An other question is
Question 3: If Q2 has a positive answer, is the canonical map
from T** to (T9)? preserves the operator system structures?
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satisfies a form of
In this case,
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matrix norm on T* that turns T* into a dual oper. sys.

C.K. Ng Dual spaces of operator systems



Aims and mofivations The first motivation

The second motivation and some further questions
The main results

Theorem

Let T be an oper. sys.

(a) 9 an equivalent matrix norm on T* turning it into a dual
oper. sys. < the “maitrix ordered matrix normed space” T
satisfies a form of

In this case,

114 = sup {|| [ (xi)]ijik]| - X € Ma(T): [Ix]| < 1:n e N}
is the dominated by the dual
matrix norm on T* that turns T* into a dual oper. sys. We
denote the resulting oper. sys. (T*,] - ||4) by T¢.

C.K. Ng Dual spaces of operator systems



Aims and mofivations The first motivation

The second motivation and some further questions
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Theorem

Let T be an oper. sys.

(a) 9 an equivalent matrix norm on T* turning it into a dual
oper. sys. < the “maitrix ordered matrix normed space” T
satisfies a form of

In this case,

114 = sup {|| [ (xi)]ijik]| - X € Ma(T): [Ix]| < 1:n e N}
is the dominated by the dual
matrix norm on T* that turns T* into a dual oper. sys. We
denote the resulting oper. sys. (T*,] - ||4) by T¢.

(b) If T* can be turned into a dual oper. sys. under an
equivalent matrix norm, then so is (T4)*.
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Aims and mofivations The first motivation

The second motivation and some further questions
The main results

Theorem

Suppose that T is a C*-algebra or a unital operator system.

(a) 3 an equivalent matrix norm on T* turning it into a dual
oper. sys.

(b) The canonical bijection from T** onto (T%)¢ is a complete
isometry.
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Aims and motivations

The first motivation
The second motivation and some further questions

The main results

e According to Weaver, a unital oper. sys. T C B($) is called a
graph system if it is closed under the weak-*-topology.

Corollary
Let T C B(H) be a graph sys. and

Ty ={w|r:weB(H)} C T
Then Ty admits a largest matrix norm || - || » that is domin. by
and equiv. to the dual matrix norm || - ||* such that T becomes
an oper. sys. under || - || 4.

e The resulting operator system in the above can be regarded
as a predual graph system.
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e X vector space. For n € N, see My(X) C Mp;1(X). Denote
Moo (X) := UnenMn(X).

e M. (X) is a bimodule over M., := M, (C).
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Dual spaces of SMOS

e X vector space. For n € N, see My(X) C Mp;1(X). Denote
Moo (X) := UpenMn(X).
e M. (X) is a bimodule over M., := M, (C).
¢ Y another vector space. For linear map ¢ : X — Y, define
P (i) = [e0xi)],; ([xilig € Mao(X)
and (M = ()|
e X is an operator space if 3a norm || - || on My (X) (called the
matrix norm) s.t. Vx; € My (X) and a;, b; € My, C B(¢?)
| Res x| < [ Swaianl" || biba]| 7 max x|
e ¢ : X = Yis s.t.b. completely bounded if ¢(>°) is bounded.
Moreover, ¢ is called a
++ complete isometry if p(>) is isometric;
++ complete contraction if (> is contractive;
++ complete embedding if »(>) is bounded and bounded below.
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MOS and quasi-operator systems Matrix ordered operator spaces

Dual spaces of SMOS

e An operator space X is called a semi-matrix ordered operator
space (SMOS) if 3 involution * : X — X with the induced map
* 1 Moo(X) = Muo(X) isometric and
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MOS and quasi-operator systems Matrix ordered operator spaces

Dual spaces of SMOS

e An operator space X is called a semi-matrix ordered operator
space (SMOS) if Finvolution * : X — X with the induced map

* 1 Mso(X) — My (X) isometric and a subset (called matrix
cone) Moo (X)T C M. (X) = {x € M (X):x" = x}
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e An operator space X is called a semi-matrix ordered operator

space (SMOS) if Finvolution * : X — X with the induced map

* 1 Mso(X) — My (X) isometric and a subset (called matrix

cone) Moo (X)T C M. (X)) = {x € M. (X):x" = x} s.t.
Yok@iXkax € Moo(X)T (X1, ..., Xn € Moo(X) T a1, ..., @0 € My).

e A SMOS X is a matrix ordered operator space (MOS) when

Moo (X)T N =My (X)"T = {0}.

e X, Y are SMOS.
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e An operator space X is called a semi-matrix ordered operator

space (SMOS) if Finvolution * : X — X with the induced map
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cone) Moo (X)T C M. (X)) = {x € M. (X):x" = x} s.t.
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e A SMOS X is a matrix ordered operator space (MOS) when

Moo (X)T N =My (X)"T = {0}.

e X, Y are SMOS. ¢ : X — Y with o(x*) = p(x)* (x € X) is s.t.b
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Dual spaces of SMOS

e An operator space X is called a semi-matrix ordered operator

space (SMOS) if Finvolution * : X — X with the induced map

* 1 Mso(X) — My (X) isometric and a subset (called matrix

cone) Moo (X)T C M. (X)) = {x € M. (X):x" = x} s.t.
Yok@iXkax € Moo(X)T (X1, ..., Xn € Moo(X) T a1, ..., @0 € My).

e A SMOS X is a matrix ordered operator space (MOS) when

Moo (X)T N =My (X)"T = {0}.

e X, Y are SMOS. ¢ : X — Y with o(x*) = p(x)* (x € X) is s.t.b

++ completely positive if () (M, (X)1) € Mso(Y);
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space (SMOS) if Finvolution * : X — X with the induced map
* 1 Mso(X) — My (X) isometric and a subset (called matrix
cone) Moo (X)T C M. (X)) = {x € M. (X):x" = x} s.t.
Yok@iXkax € Moo(X)T (X1, ..., Xn € Moo(X) T a1, ..., @0 € My).
e A SMOS X is a matrix ordered operator space (MOS) when
Moo (X)T N =My (X)"T = {0}.
e X, Y are SMOS. ¢ : X — Y with o(x*) = p(x)* (x € X) is s.t.b
++ completely positive if () (M, (X)1) € Mso(Y);
++ completely order monomorphic if ¢ is injective and
(PN (Moo (X)F) = Moo (V) 1 (005) (Moo (X))
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Dual spaces of SMOS

e An operator space X is called a semi-matrix ordered operator
space (SMOS) if Finvolution * : X — X with the induced map
* 1 Mso(X) — My (X) isometric and a subset (called matrix
cone) Moo (X)T C M. (X)) = {x € M. (X):x" = x} s.t.
Yok@iXkax € Moo(X)T (X1, ..., Xn € Moo(X) T a1, ..., @0 € My).
e A SMOS X is a matrix ordered operator space (MOS) when
Moo (X)T N =My (X)+ = {0}.
e X, Y are SMOS. ¢ : X — Y with o(x*) = p(x)* (x € X) is s.t.b
++ completely positive if () (M, (X)1) € Mso(Y);
++ completely order monomorphic if ¢ is injective and
(PN (Moo (X)F) = Moo (V) 1 (005) (Moo (X))
e A MOS X is an operator system if and only if 3 a compl. order
monomorphic compl. isometry from X to some B($).
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e For a normed space E, we set Bg := {x € E : ||x]| < 1}.

| spaces of operator systel



MOS and quasi-operator systems Matrix ordered operator spaces

Dual spaces of SMOS

e For a normed space E, we set Bg := {x € E : ||x]| < 1}.
olf f= [f,'j],',j € M (E*), we define 0; € B(E; M) by
Or(x) = [fi(x)]ij (x € E).
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MOS and quasi-operator systems Matrix ordered operator spaces

Dual spaces of SMOS

e For a normed space E, we set Bg := {x € E : ||x]| < 1}.
o If f = [fi]i; € Mo(E™), we define 0; € B(E; M.,) by

Or(x) =[] (x € E).
Then 6 : My(E*) — B(E; My) is bij.
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Dual spaces of SMOS

e For a normed space E, we set Bg :={x € E : ||x|| < 1}.

o If f = [fi]i; € Mo(E™), we define 0; € B(E; M.,) by
Or(x) = [fi(x)]ij (x € E).

Then 6 : My(E*) — B(E; Mp) is bij.

e Similarly, 3 (not nec. surj.) amap 0 : Ms.(E) — B(E*; M)

given by 0,(f) = [f(x;)], for every x = [x;] € M (E).
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MOS and quasi-operator systems Matrix ordered operator spaces

Dual spaces of SMOS

e For a normed space E, we set Bg := {x € E : ||x]| < 1}.
o If f = [fi]i; € Mo(E™), we define 0; € B(E; M.,) by
Oi0x) = [0 (x € E).

Then 6 : My(E*) — B(E; My) is bij.
e Similarly, 3 (not nec. surj.) amap 0 : Ms.(E) — B(E*; M)
given by 0,(f) = [f(x;)], for every x = [x;] € M (E).
e X a SMOS. For f € My (X*),we set (7"); :— (f;)" and

17 = sup {[|0° )| - x € Bu ) -
Denote M (X*)* = {f € Mx(X*) : ¢ is comp. pos.}.
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Dual spaces of SMOS

e For a normed space E, we set Bg := {x € E : ||x]| < 1}.
o If f = [fi]i; € Mo(E™), we define 0; € B(E; M.,) by
Oi0x) = [0 (x € E).

Then 6 : My(E*) — B(E; Mp) is bij.
e Similarly, 3 (not nec. surj.) amap 0 : Ms.(E) — B(E*; M)
given by 0,(f) = [f(x;)], for every x = [x;] € M (E).
e X a SMOS. For f € My (X*),we set (7"); :— (f;)" and

17 = sup {[|0° )| - x € Bu ) -
Denote M (X*)* = {f € Mx(X*) : ¢ is comp. pos.}.
Then X* becomes a SMOS.
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MOS and quasi-operator systems Matrix ordered operator spaces

Dual spaces of SMOS

e For a normed space E, we set Bg :={x € E : ||x|| < 1}.
o If f = [fi]i; € Mo(E™), we define 0; € B(E; M.,) by
Oi0x) = [0 (x € E).

Then 6 : My(E*) — B(E; Mp) is bij.
e Similarly, 3 (not nec. surj.) amap 0 : Ms.(E) — B(E*; M)
given by 0,(f) = [f(x;)], for every x = [x;] € M (E).
e X a SMOS. For f € My (X*),we set (7"); :— (f;)" and

17 = sup {[|0° )| - x € Bu ) -
Denote M (X*)* = {f € Mx(X*) : ¢ is comp. pos.}.
Then X* becomes a SMOS.

Proposition

Let X be a SMOS. Then X* is a MOS < the linear span of
M. (X)" is norm-dense in M (X).
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Dual MOS

Duality for operator systems A Characterization of dual quasi-operator systems

e A dual operator system is a weak-*-closed subspace of B($)
equipped with the induced structure (“non-unital graph
system”).
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e A dual operator system is a weak-*-closed subspace of B($)
equipped with the induced structure (“non-unital graph
system”).

e If X is a SMOS, then X* is called a dual quasi-operator
system if

C.K. Ng Dual spaces of operator systems



Dual MOS

Duality for operator systems A Characterization of dual quasi-operator systems

e A dual operator system is a weak-*-closed subspace of B($)
equipped with the induced structure (“non-unital graph
system”).

e If X is a SMOS, then X* is called a dual quasi-operator
system if 3 a compl. order monomor.
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Duality for operator systems A Characterization of dual quasi-operator systems

e A dual operator system is a weak-*-closed subspace of B($)
equipped with the induced structure (“non-unital graph
system”).

e If X is a SMOS, then X* is called a dual quasi-operator
system if 3 a compl. order monomor. compl. embed. and
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Duality for operator systems A Characterization of dual quasi-operator systems

e A dual operator system is a weak-*-closed subspace of B($)
equipped with the induced structure (“non-unital graph
system”).

e If X is a SMOS, then X* is called a dual quasi-operator
system if 3 a compl. order monomor. compl. embed. and
M:X*— B(9)s.t I X*—(X*)is a weak-*-homeom.
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Duality for operator systems A Characterization of dual quasi-operator systems

e Vn € N, denote by WQX™ all o(X*, X)-cont. compl. pos.
compl. contract. from X* to M.
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Duality for operator systems A Characterization of dual quasi-operator systems

e Vn € N, denote by WQX™ all o(X*, X)-cont. compl. pos.
compl. contract. from X* to M.

e Consider the von Neumann algebra
N(X*) 1= @nent™ (W7 s My).
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Duality for operator systems A Characterization of dual quasi-operator systems

e Vn € N, denote by WQX™ all o(X*, X)-cont. compl. pos.
compl. contract. from X* to M.

e Consider the von Neumann algebra
N(X*) = @™ (WX My).
e Define px+ : X* — N(X*) by
px-(F) = (- (D) ey (F € X,
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Duality for operator systems A Characterization of dual quasi-operator systems

e Vn € N, denote by WQX™ all o(X*, X)-cont. compl. pos.
compl. contract. from X* to M.

e Consider the von Neumann algebra
N(X*) = @™ (WX My).
e Define px+ : X* — N(X*) by
px-(£) = (px-(n) pery (F € X),
where /- (F)a(0) = o(f) (¢ € WQX": n e N).

C.K. Ng Dual spaces of operator systems



Dual MOS

Duality for operator systems A Characterization of dual quasi-operator systems

e Vn € N, denote by WQX™ all o(X*, X)-cont. compl. pos.
compl. contract. from X* to M.

e Consider the von Neumann algebra
N(X*) = @™ (WX My).
e Define px+ : X* — N(X*) by
px-(£) = (px-(n) pery (F € X),
where /- (F)a(0) = o(f) (¢ € WQX": n e N).

o (N(X*),N(X*))

e Equip the subspace X =pxx (X*) with the dual

operator system structure induced from N(X*).
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Duality for operator systems A Characterization of dual quasi-operator systems

(a) ux~ is a weak-*-cont. compl. order monom. compl. contract.
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Duality for operator systems A Characterization of dual quasi-operator systems

Proposition

(a) ux~ is a weak-*-cont. compl. order monom. compl. contract.
(b) The following are equivalent.

1. ux~ is @ compl. bounded below.

2. X* is a dual quasi-oper. sys.

3. 9 a weak-*-cont. compl. pos. compl. embed. from X* to
some B(9).
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Duality for operator systems A Characterization of dual quasi-operator systems

Proposition

(a) ux~ is a weak-*-cont. compl. order monom. compl. contract.
(b) The following are equivalent.

1. ux~ is @ compl. bounded below.

2. X* is a dual quasi-oper. sys.

3. 9 a weak-*-cont. compl. pos. compl. embed. from X* to
some B(9).
(c) V a dual oper. sys. and ® : X* — V is a weak-*-cont.
compl. pos. compl. contract. = 3 a unique weak-*-cont.
compl. pos. compl. contract. ® : X+ — Vwithd = o X -
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Duality for operator systems A Characterization of dual quasi-operator systems

e X* is “universal dual oper. sys. cover” of X*.
e For f € Mp(X*), one has
1S ()| = sup {0V (x)| - X € Ma(X)4: |x]] < 1:n € N}
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Duality for operator systems A Characterization of dual quasi-operator systems

e X* is “universal dual oper. sys. cover” of X*.
e For f € Mp(X*), one has

1§20 = sup {[|0§” ()| : x € Ma(X); IIx]| < 1;m € N}
Note that 6! (x) = [fiu(x))]ij k.-
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Duality for operator systems A Characterization of dual quasi-operator systems

e X* is “universal dual oper. sys. cover” of X*.
e For f € Mp(X*), one has

1§20 = sup {[|0§” ()| : x € Ma(X); IIx]| < 1;m € N}
Note that 6! (x) = [fiu(x))]ij k.-

T a dual quasi-oper. sys. (resp. dual oper. sys.). If T is the
dual oper. sp. T equip with a smaller weak-*-cl. matrix cone,
then T is a dual quasi-oper. sys. (resp. dual oper. sys.).
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Duality for operator systems A Characterization of dual quasi-operator systems

e X is a SMOS. Let A be a matrix norm on X that is equivalent
to the original matrix norm || - ||.
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Duality for operator systems A Characterization of dual quasi-operator systems

e X is a SMOS. Let A be a matrix norm on X that is equivalent
to the original matrix norm || - ||. The dual matrix norm on X*
induced from \ will be denoted by \*.
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Duality for operator systems A Characterization of dual quasi-operator systems

e X is a SMOS. Let A be a matrix norm on X that is equivalent
to the original matrix norm || - ||. The dual matrix norm on X*
induced from \ will be denoted by \*.

e NY" is the collection of all A* on X* such that
1). Ais equivalent to || - [|;
2. -l <A
3). (X*, X\*) is a dual oper. sys. under the dual matrix cone.
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Duality for operator systems A Characterization of dual quasi-operator systems

e X is a SMOS. Let A be a matrix norm on X that is equivalent
to the original matrix norm || - ||. The dual matrix norm on X*
induced from \ will be denoted by \*.
e NY" is the collection of all A* on X* such that

1). Ais equivalent to || - [|;

2). - <X

3). (X*, \*) is a dual oper. sys. under the dual matrix cone.
e N} # 0 if and only if X* is a dual quasi-operator system.
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Theorem

Let X be a SMOS. Denote
Ux ={u—v:uveM(X)"NBu, o}
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Duality for operator systems A Characterization of dual quasi-operator systems

Let X be a SMOS. Denote
Ux ={u—v:uveM(X)"NBu, o}
(a) The following statements are equivalent.
1. X* is a dual quasi-oper. sys.
2. Ux is a zero neighborhood of (M. (X)®, || - ||).
3. NP #0.
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Dual MOS
Duality for operator systems A Characterization of dual quasi-operator systems

Theorem

Let X be a SMOS. Denote
Ux ={u—v:uveM(X)"NBu, o}
(a) The following statements are equivalent.
1. X* is a dual quasi-oper. sys.
2. Ux is a zero neighborhood of (M. (X)®, || - ||).
3. NP #0.

(b) In the case when X* is a dual quasi-oper. sys.,

17| := sup { || [fia(x; ]//k/H X € Mp(X)4: [Ix]| < 1;n € N}
is the largest element in Ny°
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Duality for operator systems A Characterization of dual quasi-operator systems

Theorem

Let X be a SMOS. Denote
Ux ={u—v:uveM(X)"NBu, o}

(a) The following statements are equivalent.

1. X* is a dual quasi-oper. sys.

2. Uy is a zero neighborhood of (M (X)*, | - ||).

3. NP #0.
(b) In the case when X* is a dual quasi-oper. sys.,

17| := sup { || [fia(x; ]//k/H X € Mp(X)+: |IX] < 1;n € N}
is the largest element in Ny°
(c) If X is either a C* -a/gebra or a unital operator system, then
X* is a dual quasi-oper. sys.
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Duality for operator systems A Characterization of dual quasi-operator systems

Theorem

Let X be a SMOS. Denote
Ux ={u—v:uveM(X)"NBu, o}

(a) The following statements are equivalent.

1. X* is a dual quasi-oper. sys.

2. Uy is a zero neighborhood of (M (X)*, | - ||).

3. NP #0.
(b) In the case when X* is a dual quasi-oper. sys.,

17| := sup { || [fia(x; ]//k/H X € Mp(X)+: |IX] < 1;n € N}
is the largest element in Ny°
(c) If X is either a C* -a/gebra or a unital operator system, then
X* is a dual quasi-oper. sys.

o X4 := (X*,| - ||9) coincides with zx-(X*).

C.K. Ng Dual spaces of operator systems



Biduals of operator systems are dual operator systems

A comparison of two kinds of biduals
Biduals of operator systems

e The above give a description of when Q1’ has a positive
answer.

Dual spaces of operator systems



Biduals of operator systems are dual operator systems

A comparison of two kinds of biduals

Biduals of operator systems

e The above give a description of when Q1’ has a positive
answer.

e The following is the answer for Q2:
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Biduals of operator systems are dual operator systems

A comparison of two kinds of biduals
Biduals of operator systems

e The above give a description of when Q1’ has a positive
answer.

e The following is the answer for Q2:

Proposition

If T is an operator system such that T* is a dual quasi-oper.
sys., then (T4)* is a dual quasi-oper. sys.
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Biduals of operator systems are dual operator systems

A comparison of two kinds of biduals

Biduals of operator systems

e Let T be a oper. sys. such that T* is a dual quasi-oper. sys.
= pr+: T — TYis a weak-*-homeom. compl. order monom.
compl. embedd.

C.K. Ng Dual spaces of operator systems
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A comparison of two kinds of biduals

Biduals of operator systems

e Let T be a oper. sys. such that T* is a dual quasi-oper. sys.

= pr+: T — TYis a weak-*-homeom. compl. order monom.

compl. embedd.

e (T")* is a dual quasi-oper. sys. = i ray- : (T?)* — (T)is a
weak-*-homeom. compl. order monom. compl. embedd.
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A comparison of two kinds of biduals

Biduals of operator systems

e Let T be a oper. sys. such that T* is a dual quasi-oper. sys.
= pr+: T — TYis a weak-*-homeom. compl. order monom.

compl. embedd.

e (T")* is a dual quasi-oper. sys. = i ray- : (T?)* — (T)is a
weak-*-homeom. compl. order monom. compl. embedd.

o [i(ray- o (u.) "' T — (T9)% is a weak-*-homeom. compl.

order monom. compl. embedd.
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A comparison of two kinds of biduals

Biduals of operator systems

e Let T be a oper. sys. such that T* is a dual quasi-oper. sys.
= pr+: T — TYis a weak-*-homeom. compl. order monom.
compl. embedd.

e (T")* is a dual quasi-oper. sys. = i ray- : (T?)* — (T)is a
weak-*-homeom. compl. order monom. compl. embedd.

o [i(ray- o (u.) "' T — (T9)% is a weak-*-homeom. compl.
order monom. compl. embedd.

e The following is an answer to Q3:
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Biduals of operator systems are dual operator systems

A comparison of two kinds of biduals

Biduals of operator systems

e Let T be a oper. sys. such that T* is a dual quasi-oper. sys.
= pr+: T — TYis a weak-*-homeom. compl. order monom.

compl. embedd.

e (T")* is a dual quasi-oper. sys. = i ray- : (T?)* — (T)is a
weak-*-homeom. compl. order monom. compl. embedd.

o [i(ray- o (u.) "' T — (T9)% is a weak-*-homeom. compl.

order monom. compl. embedd.

e The following is an answer to Q3:

Let T be a C*-algebra or a unital operator system. Then
H(Tay= © (p%.)~" is a complete isometry.
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Biduals of operator systems are dual operator systems

A comparison of two kinds of biduals

Biduals of operator systems

Reference:

C.K. Ng,
Dual spaces of operator systems,
preprint (arXiv:2105.11112).

Dual spaces of operator systems



	Aims and motivations
	The first motivation
	The second motivation and some further questions
	The main results

	MOS and quasi-operator systems
	Matrix ordered operator spaces
	Dual spaces of SMOS

	Duality for operator systems
	Dual MOS
	A Characterization of dual quasi-operator systems

	Biduals of operator systems
	Biduals of operator systems are dual operator systems
	A comparison of two kinds of biduals


