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Motivation why the Standard Model and gravity?

m Geometry applied to physics that works (good precision).
m Well tested model, geometry which is falsifiable.

m Open for extensions and modifications, plenty of models:

Beyond the Standard Model, Modified Gravity

AB and A.Sitarz, Phys. Rev. D 101, 075038 (2020)
AB and A.Sitarz, Phys. Rev. D 103, 044041 (2021)
AB, A.Sitarz and P.Zalecki, in preparation



The Standard Model and gravity: NC geometric perspective

The language of spectral triples: (A, H,D,v,J),...
m A - x-algebra faithfully represented on a Hilbert space #,
m Z/2Z-grading v on H s.th. [y, A] =0,
m real structure: antilinear isometry J
m (essentially) self-adjoint operator D on H,
m compact resolvent, domains, relations ...
Spectral action principle:

m To obtain an effective (classical) action functional (Lagrangian)

that is the starting point to compare with the experiment.



How to choose the spectral triple?

m Which axioms are crucial and which can be modified/omitted?
m Which properties can be read from the experiment ?

m s it possible to have a minimal, unique theory without

unnecessary additional conditions 7



How to choose the spectral triple?

m Which axioms are crucial and which can be modified/omitted?

Which properties can be read from the experiment 7

Is it possible to have a minimal, unique theory without

unnecessary additional conditions 7

The standard choice: almost-commutative product geometries
(COO(M) ®AF7 L2(M) ®HF3D7J7’7)

with D=P®1+ v ® Dr and Ar = C®H @ M3(C),

AF is chosen to give rise to the gauge group of the Standard
Model and P is the standard Dirac operator



Few minor issues:

m Passing from Euclidean to Lorentzian formulation: how to

rotate or how to compute Lorentzian spectral action?

m Quadrupling of degrees of freedom: too many fermions - one

need to use some projection.

m Possibility of SU(3)-symmetry breaking: usual minimal axioms

do not fully eliminate unphysical models.

m Some predictions do not agree with experiments, e.g. the

value of the Higgs mass.

m Restricted possibility to modify the gravity sector.



Several partial solutions

m Lorentzian formulation [Paschke-Sitarz, 2006] [Barret, 2007] [Eckstein—Franco, 2014]
[van den Dungen, 2015] [Brouder—Bizzi—Besnard, 2015][Devastato—Farnsworth—Lizzi—Martinetti,

2018] [B.—Sitarz, 2018] [Martinetti—Singh, 2019], [Dang— Wrochna, 2020]. ..

m Fermion doubling prob|em [Lizzi-Mangano—Miele—=Sparano, 1997] [Gracia-Bondia—

lochum—Schucker, 1998] [D'Andrea—Kurkov—Lizzi, 2016],. ..

m Classification of finite Dirac operators and the problem of
|eptoquarks [Krajewski, 1998] [Paschke—Sitarz, 1998] [Paschke— Scheck—Sitarz, 1999]

[Farnsworth— Boyle, 2014] [Dabrowski— D’Andrea— Sitarz, 2018] [B.—Sitarz, 2018],...
m o field [Stephan, 2009] [Chamseddine—Connes, 2012], ...

m Twisted Spectra| Trip|es [Landi—Martinetti, 2016] [Devastato—Martinetti, 2017], ...



What we explore.

m Do not assume almost-commutativity: allow general
(nonproduct) spectral triples (D) over the same algebra.

m Our approach: look at the physical Standard Model /
modifications of gravity — and try to explore what is the

geometry (in spectral triple language) used to describe it.
m Try to keep the information about the Lorentzian structure.

m Last step: pass from the algebraic construction to the

analytical framework (compute the spectral action).



Standard Model: Krein-shifted geometry

m Dirac operator for (1,3)-Minkowski space: D = iy*0,,
with {y#, ¥} = 2nH".

m Fermionic action: [ 4Dy = fz/JTﬁzp, where ¢ = 9T40;
D= 79D - the Krein shift of D.

m D - symmetric & D - Krein-self-adjoint: D = 79D~°
[Paschke—Sitarz, 2006] [Franco, 2014 | [B.—Sitarz, 2018]...

@ Dy=—~D,DJ =JD.
n 257:715, ﬁj: —jﬁ.



Finite Riemannian spectral triple (A, H, D, 71, 7R)

m A - finite dimensional algebra

m 7, - representation of 4 on H

m 7R - representation of A°P on H

m [7.(a), 7r(b)] = 0 - (Oth order condition)

m [[D, 7 (a)], 7r(b)] = 0 - (1st order condition)



Additional conditions:

Look for the spin-c or Hodge type condition [pabrowski- D'Andrea, 2016],
[Dabrowski— D'Andrea— Sitarz, 2018], [Dabrowski— Sitarz, 2019]

m spin. type geometry: (Clp(m.(A))) = nr(A).

Hodge condition: (Clp(m.(A))) = Clp(mr(A)),

where
CLp(w(A)) is the algebra generated by 7/ (.A) and [D, 7. (A)].
The idea is to rephrase the universally accepted form of the
Standard Model Lagrangian in the language of spectral triples
being as close as possible to the pseudo-Riemannian structure and

physics.



How does it work for the Standard Model?

m We start with the particle content (one generation):

1 2 3

er db A3 o2

V= € Mu(Hw)

173 ui uE u;
e df d? d}
m Algebra A of C @ H @& M3(C)-valued smooth functions on the

spacetime, with representations:

A

>|

(A, g, mV = Vv, mr(A,qg,mV =V



Dirac operator for the Standard Model

m At every point of the Minkowski space, linear operators on the
space of particles can be encoded as a matrix from

m Dirac operator: DV = DV + DV, where

=p
io0,
510
io
D= .
ot
ioho,

ioh0,

and Df is a finite endomorphism of My(Hyy). Here

0 =0"=1and & = -/ for j =1,2,3.



Dirac operator for the Standard Model

® Df has to be in My(C) ® 1o @ Ma(C) in order to have the

Lorentz invariance of the full Dirac operator.
m Hence Dr commutes with the chirality ' = 7 (1, -1, 1).
m Therefore, Dspy = D + D with {D,I'} =0 and [Dg, ] = 0.

m Krein-shifted operators behave in the opposite way.



The result

With the above assumptions,

m Requiring 155;4 to satisfy the first order condition implies

— M, M,
De = + ®R1lo®ern+ " ®12®(14—611),

M, Maq
where M;, My € M>(C).

m if M), My nondegenerate then 15;;/; satisfies the spinc

condition.



The Standard Model with three generations

m Hilbert space: My(Hy) ® C3.
m Representation enlarged diagonally.

s M, Mq S Mg((C) & M3((C):

with Te, T, - diagonal, T, = UT, U, Ty = VT VT,
U- Pontecorvo—Maki—Nakagawa—Sakata matrix,

V- Cabibbo—Kobayashi-Maskawa matrix.



The Standard Model with three generations of particles

The spin-c condition holds provided that for both pairs of matrices

(T, Te) and (T4, Tq4) their eigenvalues are pairwise different.

m This is the same condition as for Hodge duality [pabrowski-sitarz,
2019]

m This condition is satisfied for physical Standard Model
provided that there is no massless neutrino [pabrowski-sitarz, 2019]

m The model can be doubled: the resulting spectral triple
satisfies the Hodge duality and is the finite part of the one

studied in the almost-commutative framework.



CP violation and reality of the spectral triple

m The usual Oth order condition is not implemented by 7, but
its milder version is: Tr(A) C T (A)T L.

m A real Dirac operator implies the reality of M, and M,.

m One generation: fermion masses are real.

m Three generations: both Wolfenstein parameter 77 and
CP-violating phase d¢p have to vanish.

m CP-violation < shadow of the J-symmetry violation in the
nondoubled spectral triple.

m Zﬁ,, satisfies the order one condition, while Dgy, satisfies its
twisted version: [[Dsy, m.(a)]g, 7r(b)]5 =0,
where [x,y]s = xy — By 1x.



Gauge transformations

m Uig = m (U)rg(U) for U = (u1, u2, u3) € U(A). They form
a group (U(1) x SU(2) x U(3))/(Z/2Z).

m To have SU(3) rather than U(3) one could impose
unimodularity condition.

m The left action is already unimodular, while for the right one it
could be imposed either on each fundamental component or in
the full representation.

m In the first case: uy detus =1 and the gauge group of the
Standard Model (U(1) x SU(2) x SU(3)) /(Z/6Z), while in
the second one: (u; det uz)*® =1 and the group differs by a

finite factor.



Fluctuated Dirac operator

—w —— )
m Dsyy = Dsp + w with

w=A.e11®0c" @ (lg —en1) —2A,en 0" @ e

—Aen ®d" ® (14 —e11) — Au(ess + ess) ® 6" ® enn

0 1
w2 950l + | 2 ® o' ®
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+ ) ® 1 ® (14 — e11).
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Physical parametrization (for one generation)

m Since ® € H we can write ® = o1 @2 .
—¢2 P1

m Define &, := M (1 + @), for x =/, q.

1+
m Define the Higgs dublet H = ( ¢1
b2



Static and spatial model

We consider time-independent and spatial part of the Dirac
operator.

_ 1 . )
Do=i| * ® 00 ® 15 + Nolols
1> ol

O'3+ll .
+¢( 372 @ eh
—342

3

0 . 1 .
—(2 )®d®h+<2 >®d®q
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Static and spatial model

m The physical values of hypercharges are reproduced (in quark

sector: because of the unimodularity condition).



Static and spatial model

m The physical values of hypercharges are reproduced (in quark

sector: because of the unimodularity condition).

m Gilkey-Seeley-DeWitt coefficients for three generations:

1 4 2
22—~y [ d'xIH

20

1
d*x [b|H|4 + aTr|D;jH? + ?F2 +2TrW? 4 2TrG?|

~ 82

where

as

a=Te(THT,) + Te(TiTe) + 3Te(Th7,) + 3Te(ThTy),
b=Te(TH7T,)2 + Tr(TETe)? + 3Tr(T]T,)% + 3Te(T]T4)2.



Static and spatial model

m Effective Lagrangian: £ = Liggs + Lgauge, Where

bf(0), 0 2f2A2
—>2|H

f(0
Lgauge = 752) ( 3 F? + TtW? + TrG2>

af (0
2603, e PO b,

EHiggs = o

m This result is consistent with taking the static part of the

Lorentzian Lagrangian for the Standard Model.

m All the relations between the coefficients of the model are
exactly the same as in the usual almost-commutative
Euclidean formulation. Therefore, the measurable quantities

will have the same values.



Wick rotated model - leptonic sector

We take the Lorentzian Dirac operator:

lLL®do" -lL®da"
DL=i 2P 0, 1 A, 2
1L ®o* (6% —12) ® o

and Wick rotate it: o/ — jo/:

1 i .
Diw =i ) @ 1200 +i " ® o’ 9;
1, ils
-1 il .
+ Ao 2 ® 1o+ A 5 2 ®d
(0% —12) i(0® —12)
W, W, . of
+ @12 Ned+ | ® 1z
02 0> P,



Wick rotated model:results

Doing the same for the quark sector we compute DD and the

Gilkey-Seeley-DeWitt coefficients:

3 4 2
QQZWQ/CIX“’”,

1 20
=gy / d*x [b|H4 — ATHID [+ R 4 2TH(W?) + 2Tx(G?)

—|—12€jleJ'k Fo; — 66jkITI'( Vij Wo/)]
which leads to the Euclidean action:

f(0 10
Lgauge = 7(T2) ( 3 F2 4+ Tr (W2) + Tr(G2)

+ 66 Fjy Fo; — 3/ Te (W Woy )> ’

H>N? (0
OB a2 — Dy p,

bf (0
»CH: ()|H|4 =

272




Wick rotated model: summary

No fermion doubling.
m No SU(3) breaking.

Order-one condition holds.

m Lack of real structure — CP violation.

Spectral triple obeys the Morita condition of spin. geometry.

Spectral action reproduces the action of the Lorentzian

Standard Model with an additional electroweak “6-term".

m Potentially different coefficients do not finally affect the

numerical values of the measurable parameters.



Nonproduct geometries for bimetric gravity

A different possibility to modify almost-commutative geometries is
to assume dependence of the Dirac operator on the discrete
coordinate. Assume two-point (Connes-Lott) discrete geometry

over a manifold and a Dirac operator:
. D1 ~o
79" D
where Dy and D, are independent Dirac operators.
Problems:
m compute the spectral action (at least two leading parts) ?
m is the model physically viable (link to bimetric gravity) ?

m is there a mechanism leading to Dy = D, 7



Nonproduct geometries for , bimetric’ gravity

Assume FLRW type geometry (Euclidean):
ds® = b(t)?dt* + a(t)? (dx® + Sg(x) (d6? + sin?(0)d¢?)) ,
where Si(x) = x sinc(xVk) for k = 0,41, so
D = y2dx"(0, )38u + 17 Weab 7™,

with {72, v} = =228/, Apply conformal rescalling: D, = h=1Dh
with h(t) = a(t)~3/2b(t)~/? and take the doubled geometry with
D1, D> as earlier, with ® some function, 72 = k = &1 and with

aj(t), bi(t) positive smooth functions (i = 1,2).



Nonproduct geometries for , bimetric’ gravity

The method: we compute the terms of the spectral action using

the Wodzicki residue:
S(D) = N* Wres(D™*) + cA> Wres(D™2)
= / / (/\4 Tr Tr¢y 5(2) +cN°Tr TrC/bg)
M Ji¢||=1

where op-2(§) = bg + b1 + by + ..., and bk(x, &) is homogeneous
of order 2—k in &s



The action

S(D) ~ /dt{(/\4 — cN2|®)?) (a3by + a3bo)

c/\2
12

+ckN2| D2 by by

(alblR(aL bl) + 32b2R(32, bz))

(- >)?
( 1b2 + axb1)?
+ &3(2a1by + abr)] +
(b= ba)?
(azb1 + a1bp)?

where R(a, b) is the usual scalar curvature density.

[a3(2a2b1 + a1 by)

R 233 (a1 by +azb2>}



The potential and bimetric gravity models

a; which depend only on the entries of

b, _a
m Introduce x = ey =12,

X% = g5°gibe.

m The interaction potential between the metrics satisfies:

\ (\/gzlgl) Ve =V <\/g11gz> VEL, (1)
\4 (\/ gz_lgl) = (x—:y)2 (x2 + 2xy — 2x2y +y2 — 6><y2

+4x2y2 + 4xy3 — 6x2y3 + x3y3 — 2xy4 + 2x2y4 + Xy5)

m V is a rational function of symmetric polynomials in v/ X.

m For bimetric gravity models [Hassan- Rosen, 2012): polynomial

function of symmetric polynomials in v/X satisfying (1).



Equations of motion

m Wick rotate into (—, +, +, +)
m Introduce effective parameters:

12

Ae (N2 — ck|®?), =120k,
C

Ne >0, Ne <Qor A, =0.

m Introduce interactions with matter and/or radiation.

We are free to fix one of by, bp. We will later use the choice
bl’g(t) =1+ b(t).



Equations of motion

6k Q
6H§7,- + ? - /\e - —iV(a,-, aj, b,', b,'/) = 727_00(3,', b,')7
023; 6k 0Ora;j O b;
12 asz +6Hp; — 3N + — - 12;7[); — aW(aj, aj, bj, byr)
= —6TY(a;, b)),
with Hpj = z_taf_' and

Salaz(af — ag)bg 232(35 4+ 2ajax — Sa%)bg
(az2by + a1b2)3 (azb1 + a1b2)?

V(317327b17 b2) =a +

)

azbz(ag —4a1ar + Qa%)
a3(az2by + a1b2)
2azb§(lla§ —2a1as — 335) azbg(af — ag)

a1(azb1 + a1b2)2 (azby + a1b2)3’

W(a1, a2, b1, b2) =3 -2




Perfect fluid models

n TEI/ = (P+ P)U,uuu + Pg,uuy
m P(t) = wp(t),

m continuity equation = p(t) = na(t)~3(1+W),



Perturbative solutions and stability

m ai(t) = a(t) +en(t), ax(t)=a(t)+en(t), b(t)=-es(t)
m Linearized EOMs:

oy 32a(t)?(1 + w) — (a(t)% + k)(1 + 3w) . a(t)?

F(t) = 2a(0)3(1) r(t) + (a(t) + a6é(t)> s(t),
o La(t) [r(t)

=33 (5 )

where Ao = 6)2.



Empty de Sitter universe (n =

3 1 2 3 1 2

s(t) = Cre INF3VIDER At | ) o~ At 3V2IA +2at
1 1 2 1 1 2

r(t) = Gse INH3VIDERZat | o 3= 1V2IA +2at

G = (3)\ +V/2102 2a) Co = C2 ( V21 & 2a)

m yellow region: exponential damping,
m gray region: exponentially growth

m red line: degenerate solution

0 5.102 01 0.15 02



Empty universe with kK = F1

mk=-1
3 3 2 2,0 > %‘Q%‘FC
s(t) = a2k <4—C,4+C;3; -7 ) + ¢ Gy, (—T oy )
mk=1

_ 3_¢3 1 s E (9 ¢ 902 2
S(t)—C12F1(4 C,4+<. 5 T)+C2t2F1(4 474+Cv2v T)

where
V21A2 4+ 2«

(= 5y , 7 = sinh (At).



Matter (w = 0) and radiation (w = %) dominated universes

1
3

m matter dominated with k = 0:

_3 o _3 a
s(t) = at zJ\/g —Et —|—(:2t2Y\/g —Et

m radiation domination with k = 0:

() =cit™4J Yt) + ot iy y
S =C \/g 5 Co \/g 5

m radiation dominated with kK = —1: confluent Heun functions

m radiation dominated with k = 1: cyclic solutions



Summary

m Allowing for nonproduct geometries leads to models

resembling bimetric gravity theories.

m For the considered range of models there exist a range of
parameters so that the solution is dynamically stable.
m Bimetric gravity: huge freedom in the choice of potential —

spectral action fixes the action.

m Modified gravity models are of interests in cosmology and

nonproduct geometries may shed some light on them.



Thank you for your attention!



