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PRELUDE

§ The talk revolves around non-commutative analogues of
compact metric spaces.

Classical Quantum

compact Hausdorff space ÐÑ unital C˚-algebra
compact group ÐÑ compact quantum group
compact (spin) manifold ÐÑ spectral triple
compact metric space ÐÑ ??

§ This question was first studied by Rieffel in the late 1990’s,
and drawing inspiration from Connes’ NCG, he arrived at
the theory of compact quantum metric spaces.

 the definition
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COMPACT QUANTUM METRIC SPACES

DEFINITION (RIEFFEL, LI)
Let A be a unital C˚-algebra equipped with a seminorm
L : A Ñ r0,8s satisfying that Lpx˚q “ Lpxq for all x P A. Then
pA, Lq is called a compact quantum metric space (CQMS) if
(i) Lpaq “ 0 iff a P C.1

(ii) The set V :“ ta P A | Lpaq ă 8u is dense in A.
(iii) ρLpµ, νq :“ supt|µpaq ´ νpaq| : Lpaq ď 1u metrises the

weak˚-topology on SpAq.
In this case L is called a Lip-norm.

§ If pX, dq is a compact metric space then CpXq becomes a
CQMS by setting Ldpf q :“ sup

!

|f pxq´f pyq|
dpx,yq : x ‰ y

)

.

§ Ld is finite on CLippXq :“ tf P CpXq : f is Lipschitz cont.u
§ The metric ρLd on SpCpXqq “ ProppXq is the so-called

Monge-Kantorovich metric and ρLdæX “ d.  NCG examples
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EXAMPLES FROM NCG

§ If pA,H, Dq is a spectral triple, then sometimes – but not
always – one obtains a CQMS by defining

LDpaq :“ }rD, as} a P A.

§ This is the case when A “ C8pS1q and D “ ´i
2π

d
dθ , in which

case the metric ρLD on SpCpS1qq restricts to the usual
arc-length on S1 Ă SpCpS1qq. True, more generally, for
compact, connected, spin manifolds [Connes].

§ And also if A “ C˚redpΓq for a word hyperbolic group Γ
(eg. Fn) equipped with a length function ` and D` in `2pΓq
is defined as D`pδγq :“ `pγqδγ [Ozawa-Rieffel].

 GH-distance
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CLASSICAL GROMOV-HAUSDORFF DISTANCE

§ Consider compact subsets A, B Ă X in a metric space pX, dq.
§ Then their Hausdorff distance is defined by

distd
HpA, Bq :“ inftr ą 0 | A Ă BrpBq and B Ă BrpAqu

§ And for two compact metric spaces pX1, d1q and pX2, d2q

their Gromov-Hausdorff distance is defined as

distGHpX1, X2q :“ inf
d

!

distd
HpX1, X2q

)

where the infimum runs over all metrics on X1 \X2
restricting to d1 and d2 respectively.

 quantum-GH-distance
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QUANTUM GROMOV-HAUSDORFF DISTANCE
§ If pA1, L1q and pA2, L2q are CQMS then a Lip-norm

L : A1 ‘A2 Ñ r0,8s is called admissible if the induced
quotient semi-norms on A1 and A2 agree with L1 and L2.

§ The two projections A1 ‘A2 Ñ Ai dualise to injections

SpAiq ãÑ SpA1 ‘A2q

§ And Rieffel then defines

distQ
GHpA1, A2q :“ inf

 

distρL
H pSpA1q, SpA2qq : L admissible

(

§ This is symmetric and satisfies the triangle-inequality.
§ But distance zero only means Lip-isometric order unit

isomorphism pV1qsa » pV2qsa (at the level of completions).
Or affine isometric isomorphism between state spaces.

§ C : pX, dq ÞÑ pCpXq, Ldq is a contraction, but not an isometry.
§ However, it is a homeomorphism onto its image.

 continuity results
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CONVERGENCE AND CONTINUITY RESULTS

§ Non-commutative tori vary continuously [Rieffel].
§ Fuzzy spheres (i.e. matrix algebras) converge to the

classical 2-sphere [Rieffel, van Suijlekom].
§ Crossed products with certain one-parameter families of

automorphisms vary continuously [K-Kaad].
§ AF-algebras are approximated by matrix algebras

[Aguilar-Latrémolière].
§ But, q-deformations are not yet well understood from the

QMS point of view — at least not in a way that reflects
their non-commutative geometry well.

§ Actually, only in 2018, Aguilar and Kaad showed that the
Dąbrowski-Sitarz Dirac operator turns the Podleś sphere
S2

q into a CQMS.

 q-deformations
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q-DEFORMED SPHERES

§ Recall that the classical 2-sphere S2 can be viewed as a
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A TEST CASE RESULT

§ C˚pAqq Ă CpS2
qq is commutative since Aq “ A˚q .

§ One has σpAqq :“ t0u Y tq2k : k P N0u and σpA1q “ r0, 1s, so
σpAqq can be thought of as quantised intervals.

§ And CpσpAqqq » C˚pAqq Ă CpS2
qq inherits the structure of a

CQMS, which therefore defines a metric dq on σpAqq.
§ Similarly, Cpr0, 1sq » C˚pA1q Ă CpS2q inherits the structure

of a CQMS, and hence defines a metric d1 on r0, 1s.
§ It is not difficult to check that pr0, 1s, d1q is isometrically

isomorphic to r0, πswith the standard metric dR from R.
§ In a joint work with Gotfredsen and Kaad from 2020, we

obtain a concrete formula for dq, and show that

`

Xq, dq
˘

distGH
ÝÝÝÝÑ

qÑ1
pr0, πs, dRq

§ The convergence therefore also holds as quantum metric
spaces with respect to distQ

GH.  back to S2
q
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BACK TO THE QUANTISED SPHERES

§ So perhaps more is actually true?

THEOREM (AGUILAR-KAAD-K, 2021)
The Podleś spheres S2

q vary continuously in the deformation
parameter q and converge to the classical 2-sphere as q tends to 1.

§ This is really a theorem about the coordinate algebras
OpS2

qq :“ AlgpAq, Bq, B˚q q, as these are the domains of the
Lip-norm:

LDqpxq “ }rDq, xs}, x P OpS2
qq.

§ One could also enlarge the domain to obtain Lmax
Dq

defined
by the same formula but on

CLippS2
qq :“ tx P CpS2

qq | xpDompDqqq Ă DompDqq, rDq, xs boundedu

THEOREM (AGUILAR-KAAD-K, 2021)
One has distQ

GH

`

CpS2
qq, LDqq; pCpS

2
qq, Lmax

Dq
q
˘

“ 0
10 / 12
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A QUICK PEEK UNDER THE HOOD
§ The key to proof is a quantum analogue of fuzzy spheres.

§ That is, we find a sequence of finite dimensional subspaces
FN

q Ă OpS2
qq such that FN

q ÝÑ
NÑ8

CpS2
qq for each q Ps0, 1s.

§ So this is a quantised version of Rieffel’s classical result.
§ Using our test case result Xq ÝÑ

qÑ1
r0, πs, we show that the

convergence is uniform in q.
§ It is not too difficult to see that FN

q ÝÑqÑ1
FN

1 for each N P N.

§ So S2
q ÝÑqÑ1

S2 now follows from the triangle inequality.

0 q

S2
q

1

S2

FN
q

ε

FN
1
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THANK YOU!
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